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Abstract

We characterise optimal progressive wealth taxation in coexistence with conventional flow
taxes on capital ownership under two redistributive criteria: the Gini coefficient and the
Saez—Zucman top share. Working within the Fokker—Planck framework on log-wealth, we
extend the (C1)—(C3) neutrality class of Frgseth (2026d) to a combined flow-tax retention
factor k = (1—7.)(1—74) paired with a state-dependent wealth-tax rate r(z), and treat three
analytically tractable sub-classes: smooth log-progressive (the small-rate linearisation of
the Heathcote—Storesletten—Violante parametrisation), single-bracket, and two-bracket. The
smooth and single-bracket sub-classes preserve criterion equivalence: both criteria collapse to
monotone functions of a single shape parameter and the Gini- and top-share-targeted optimal
schedules coincide. The two-bracket sub-class — the form actually implemented in Norway
since 2023 — has a three-dimensional inequality- relevant policy space, and the criterion
choice becomes binding: at a fixed Gini level the top-1% share ranges over roughly an order of
magnitude (a factor of seven to eight in the Norwegian calibration) across the feasible iso-Gini
manifold. At calibrated Norwegian regime parameters the wealth-tax channel alone is below
the steady-state confinement threshold; jointly with the demographic turnover of Frgseth
(2026f, §3.2) and the emigration-contagion channel of Frgseth (2026a) the framework recovers
the empirical Pareto-tail exponent from the Kapital 400 panel. The decomposition reveals
that the current wealth tax contributes about a sixth of the structural compression beyond
the no-tax reference, against five-sixths from the flow-tax channel; and that, within the
homogeneous-returns class, the structural effect of the wealth tax is replicable by a moderate
flow-tax increase. Outside that class, on the dormant-wealth base and under heterogeneous
returns, the two taxes have structurally distinct incidence (Domar and Musgrave, 1944;
Stiglitz, 1969; Freseth, 2026¢; Guvenen et al., 2023) and a heterogeneous-returns extension

to the present framework is identified as the natural next step.
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1 Introduction

1.1 The policy question

Two strands of the contemporary tax-policy literature converge on the same instrument from
different directions. The first, in the tradition of Piketty (2014); Piketty and Zucman (2014);
Saez and Zucman (2019), argues that taxation of the wealth stock is the central redistributive
lever in advanced economies, on the grounds that capital accumulation outpaces labour income
at the top of the distribution. A progressive schedule on the stock—taxing larger fortunes at
higher rates—is the policy instrument that follows from this view. The second, in the tradition
of dual-income taxation (Sgrensen, 2005; Alstadsaeter et al., 2019), treats capital ownership as a
system of taxes: a corporate tax on profits, a dividend or capital-gains tax on distributions, and
(in some jurisdictions) a wealth tax on net assets, the whole calibrated to balance horizontal
equity, lock-in, and avoidance margins. From this second view the wealth tax is one component

of the ownership-tax system, and the design question is how it should interact with the others.

A policy-relevant theory must speak to both views. The distributional question—how progressive
should the wealth tax be, judged against a redistributive criterion—requires a schedule class
flexible enough to admit non-proportional rates on the stock, and an inequality measure (Gini,
top-share) that the political debate actually centres on. The systemic question—how the wealth
tax interacts with corporate and dividend taxes at the household level—requires the post-tax
wealth process to carry the (C1)—(C3) decomposition of Frgseth (2026d), in which the flow-tax
channels reduce to a single retention factor k = (1 — 7.)(1 — 74) acting on drift and diffusion.

The present paper combines the two in a single optimal-design problem.

1.2 Position in the FP design programme

The Fokker—Planck framework for wealth taxation now consists of four papers we draw on
directly. Frgseth (2026g) formalises the proportional wealth tax as a uniform drift-shift on
log-wealth. Frgseth (2026f) extends the framework from drift-shift to drift-design: progressive
schedules generate state-dependent drift, the Pareto-tailed steady state of the Bouchaud-Mézard
model is replaced by an Ornstein—Uhlenbeck confinement, and the Gini coefficient becomes a
closed-form function of the progressivity parameter. The criterion in that paper is the Gini,
the schedule class is stock-only, and the analytical core is the OU steady state. Frgseth (2026d)
extends the framework from stock-only to flow + stock: corporate, dividend, and capital-income
taxes enter alongside the wealth tax, the (C1)—(C3) class preserves portfolio neutrality, and the
post-tax SDE becomes a drift-shift-and-rescale of the pre-tax SDE. The criterion is implicit
(neutrality), the schedule is proportional in the wealth-tax rate, and the analytical core is the
neutrality-preserving structure. Frgseth (2026b) combines the two by characterising the optimal
proportional wealth tax within the (C1)—(C3) flow-tax envelope under two information-theoretic
and transport-geometric criteria (the JKO free-energy gap and the 2-Wasserstein distance from
no-tax). The criterion is distortion-minimising, the schedule is proportional, and the analytical

core is a phase-transition partition of the regime axis.

The natural completion of this two-by-two diagonal—progressive schedule class, redistributive



criterion, in coexistence with flow taxes—is the present paper. Concretely:

stock-only flow + stock

proportional  Froseth (2026g) Frgseth (2026d)
progressive  Froseth (2026f) (Gini target) this paper

The criterion-family axis runs orthogonally: Frgseth (2026b) treats the proportional sub-class
under JKO/W5; the present paper treats the progressive sub-class under Gini/top-share.

1.3 Schedule class and criteria

We work in a two-channel design space. The flow-tax channel is parametrised by the corporate—
dividend retention k = (1 — 7.)(1 — 74) € (0, 1], identical to its role in Frgseth (2026d,b). The
wealth-tax channel is a function r(x), the per-unit rate on raw wealth z, allowed to depend on

the wealth level. Three analytically tractable cases are studied. The smooth log-progressive case

r(z) = ro+ flog(z/xo),

the leading-order linearisation of the Heathcote—Storesletten—Violante progressivity parametri-
sation in the small-rate regime, gives a linear restoring force on log-wealth, with the post-tax

process an Ornstein—Uhlenbeck process with parameters (k, 3). The single-bracket case
r(z) = r-1{z > Xo}

gives a piecewise-constant drift on log-wealth, with steady-state density an asymmetric Laplace
distribution centred at log X¢ (equivalently, a piecewise power-law density on raw wealth with

Pareto-tail exponent o = 2(r/k — mg)/0?). The two-bracket case
r(z) = ml{Xo <z < Xi}+mrl{r> X},

the form actually implemented in Norway since 2023 and several Swiss cantons, generalises this

to a three-regime piecewise-exponential density with two distinct upper-tail exponents.

The two redistributive criteria evaluated on each schedule class are the Gini coefficient and the
top share Sy, ¢ € {99,99.9,...}. The smooth and single-bracket classes are inequality-relevant
only through a one-dimensional shape parameter (the structural ratio 8/k and the Pareto ex-
ponent « respectively), so both criteria collapse to monotone functions of that parameter and
pick the same optimal schedule up to reparametrisation. The two-bracket class has a three-
dimensional inequality-relevant policy space, and the two criteria pick distinct optima within it:

the choice of criterion genuinely affects where the optimal redistributive action sits.

1.4 Contributions and roadmap
The paper makes the following contributions.

1. A combined flow + progressive design problem on the (C1)—(C3) class, posed for the first



time. The post-tax SDE on log-wealth Y = log X is shown (Section 2) to take the form
dY = [kmo — r(e¥)]dt + VEo dW, cleanly separating the flow-tax retention from the

progressive wealth-tax channel.

2. Closed-form Gini and top-share expressions for the smooth log-progressive case (Section 3)
reducing to the structural ratio p, = 3/k, with the optimum on the (C1)-(C3) class charac-
terised by a single equation in p, that recovers the Frgseth (2026f) result on the boundary
k = 1. Section 3 grounds the choice of functional form as the small-rate linearisation
of the Heathcote—Storesletten—Violante progressivity parametrisation, and develops the

suppression of the Stiglitz (1985)-style price feedback channel under (C1)—(C3) neutrality.

3. Closed-form analysis of the bracket case (Section 4) via the asymmetric Laplace steady-
state density on log-wealth, with explicit Gini and top-share expressions in elementary
functions of the Pareto exponent a. The single-bracket sub-class preserves the criterion-
equivalence baseline; the two-bracket sub-class breaks it. We exhibit numerically a param-
eter region where the same Gini level admits a roughly near-order-of-magnitude range of

top-1% shares.

4. A Norwegian calibration (Section 6) showing that the actual two-bracket schedule (since
2023, with Xo ~ 1.7 M NOK at r ~ 1.0% and X; ~ 20 M NOK at ry ~ 1.1%) sits below
the steady-state confinement threshold under the wealth-tax-only mechanism. The empir-
ical confinement is supplied jointly by the Gabaix-style demographic turnover of Frgseth
(2026f, §3.2) and the emigration-contagion channel of Froseth (2026a); we derive the joint
Pareto-exponent formula and show that the criterion divergence of contribution (3) is

robust across these confinement mechanisms.

5. A decomposition of the Norwegian wealth tax’s structural redistributive contribution (Sec-
tion 6.6). The current schedule contributes about 17% of the upper-tail compression rel-
ative to the no-tax baseline; the flow-tax channel contributes the remaining 83%. Within
the homogeneous-returns class the structural effect of the wealth tax is in principle repli-
cable by raising the dividend tax by approximately seven percentage points. Outside that
class — on the dormant-wealth base, and under heterogeneous returns (Domar and Mus-
grave, 1944; Stiglitz, 1969; Frgseth, 2026¢; Guvenen et al., 2023) — flow and stock taxes
have structurally distinct incidence and the substitutability fails. A heterogeneous-returns

extension to the design problem is identified as the natural next step.

Section 2 introduces the schedule class, the post-tax SDE, and the two criteria. Section 3 treats
the smooth log-progressive strand. Section 4 treats the bracket strand. Section 5 bridges the
framework to actual schedules through the assessment-fraction rescaling and the discrete-time
approximation. Section 6 carries out the Norwegian calibration and integrates the joint analysis
with demographic turnover and emigration. Section 7 positions the contribution within the

broader programme. Section 8 closes with extensions and limitations.



2 Setup

This section introduces the wealth-process model, the combined flow 4+ progressive schedule class
on which the paper operates, and the two redistributive criteria evaluated on it. The exposition

recapitulates only those elements of Frgseth (2026g,d,f) that are needed for the present analysis.

2.1 Wealth dynamics under no taxation

A representative investor holds a portfolio of risky and risk-free assets and faces the geometric

Brownian motion

4,
Xi

where X; is wealth, p is the gross expected return, o is the portfolio volatility, and W is a

= pdt +odWy, (1)

standard Brownian motion. As in Frgseth (2026g), we work in log-wealth coordinates Y; =

log X;, where the process becomes
dY; = modt + o dW;, my = p—0o2/2, (2)

with mg the geometric-mean drift. The associated Fokker—Planck equation for the density 7 (y, t)
of log-wealth is
Oy = —mo Oy + %02 85# . (3)

A heterogeneous-investor extension with idiosyncratic returns gives the same FP equation for
the cross-sectional density, following the Bouchaud—Mézard tradition (Bouchaud and Mézard,

2000); we suppress the cross-sectional formalism here as it is not needed.

2.2 The (C1)—(C3) flow-tax envelope

We restrict attention throughout to the (C1)-(C3) neutrality class of Froseth (2026d). The

three conditions are:

(C1) The capital-income tax rate equals the corporate tax rate: 7, = 7.

(C2) The shielding rate equals the risk-free rate: 7 = ry.

(C3) The wealth-tax assessment is uniform across asset classes: a; = a for all 4.

Under (C1)—(C3), the corporate—dividend—capital-income tax package collapses (Frgseth, 2026d,

Theorem 1) to a single multiplicative retention factor
E=1-7)(1-74) € (0,1], (4)

acting uniformly on excess returns. The wealth-tax channel remains as a separate state-coupled

component.

The post-tax wealth dynamics under (C1)—(C3) plus a wealth-tax schedule with rate r(x) on



raw wealth (i.e. the household pays r(z) x dt in wealth tax over the interval dt¢) take the form

dX
Tt = [kp —r(X)] dt + VEko dW;. (5)
t
Equivalently, on log-wealth Y; = log X4,
aY; = [kmo—r(e)] dt + Vko dW;, (6)

with mg = pu — 02/2 the no-tax geometric-mean drift. The flow-tax channel enters linearly
through k (rescaling drift uniformly by & and diffusion uniformly by k); the progressive wealth-
tax channel enters through the state-dependent drift correction 7(e¥’). The two channels do not
interact, in the sense of additive separability (Frgseth, 2026d, §7).

2.3 The combined flow + progressive schedule class

The schedule space studied in this paper is
Stow+prog = {(k,r(+)) : k€ (0,1], () : (0,00) = [0, rmax], © progressive in z},  (7)

where “progressive in #” means non-decreasing as a function of raw wealth.!

Two analytically tractable subclasses receive most of our attention. The smooth log-progressive

subclass
r(xz) = ro+ flog(z/xo), (ro,B) € [0,00)2, (8)

parametrised by the floor rate rqg > 0, the progressivity slope 8 > 0, and a normalising scale
xo > 0, gives a state-coupled drift that is linear in logz. As we show in Section 3, this is the
unique subclass on which the post-tax process on Y is an Ornstein—Uhlenbeck process and the

steady-state distribution of raw wealth is log-normal. The bracket subclass
T‘(SL‘) =T 1{55 > XO}’ (X07T) € (0, OO) X [Oyrmax]u (9)

gives a piecewise-constant drift on log-wealth—=zero below the threshold log Xy, a downward
shift —r above—and is the form actually implemented in jurisdictions such as Norway, Switzer-
land, and (historically) Spain, France, and several other European countries. We extend the

bracket subclass to two brackets where the additional generality is needed:

r(x) = r-Hee[Xo, X1)}+r-1{x > X1}, ro>r >0. (10)

The number of inequality-relevant policy levers within each subclass depends on how many of
the schedule parameters can be reduced by the regime structure. As we derive in Section 3
the smooth subclass collapses to the single ratio p, = /k at fixed regime, and as we derive in
Section 4 the single-bracket subclass collapses to the Pareto exponent o = 2(r/k—my)/o? alone.

The two-bracket subclass retains a three-dimensional inequality-relevant policy space at fixed

We allow r to be discontinuous, as in the bracket case below; piecewise-monotone-non-decreasing is the
operative regularity. Continuous regulation of r at discontinuities is not needed for any of our results.



regime: the substantive divergence content of the paper appears precisely at this dimensionality.
The proportional sub-class of Frgseth (2026b) corresponds to 8 = 0 in the smooth subclass and
to Xy = 0 in the bracket subclass.

2.4 Two redistributive criteria

We evaluate every schedule in Sgow4prog against two redistributive criteria, both standard in the

empirical inequality literature.

Gini coefficient. For a distribution of raw wealth with cumulative distribution function F'
and finite mean X = [z dF(z), the Gini coefficient is

1 1
GinilF) = o= / o — 2| dF(2) dF () = 2 / [u — L(u)]du, (11)
0
where L : [0,1] — [0,1] is the Lorenz curve. For log-normal raw wealth with log-variance o2,
Gini = 20(0y/V2) ~1 = erf(oy/2), (12)

a closed form we use throughout the smooth strand.

Top share. For g € (0,1), the top share is the fraction of total wealth held by the top (1 — q)

percentile:

Fl = &2 9 = 7 1
For log-normal raw wealth with parameters (uy,o0%),
Sy = 1-0(d7(g)~0v) , (14)

also a closed form.

The two criteria are policy-relevant in different traditions: the Gini is the standard summary
statistic across the distribution, while the top share is the focal measure in the Saez—Zucman
tradition (Saez and Zucman, 2019). On log-normal distributions both are monotone in the same
shape parameter oy, so the optimal schedule is criterion-invariant. On bracket schedules the
post-tax density is piecewise-Gaussian rather than log-normal, and the two criteria can disagree

about where on the joint design plane the optimal redistributive action lies.

3 The smooth log-progressive strand

This section treats the smooth log-progressive subclass (8), r(z) = ro + Slog(z/x¢). The post-
tax process on log-wealth is an Ornstein—Uhlenbeck process, the steady-state distribution of raw
wealth is log-normal, and both redistributive criteria admit closed forms on the two-dimensional
design plane (k, 5). The substantive content of the section is threefold: a small-rate-linearisation
argument that grounds the smooth functional form in the standard public-finance progressivity

parametrisation, a structural-ratio reduction that collapses the inequality dependence to a single



combination 3/k, and a comparison theorem stating that the Gini-optimal and top-share-optimal

schedules coincide on the smooth class.

3.1 Functional-form motivation: the smooth schedule as a small-rate lineari-
sation of HSV progressivity

The smooth log-progressive functional form r(z) = ro + Slog(z/x¢) is not arbitrary. It is the
leading-order Taylor expansion of the long-standing constant-residual-progression parametrisa-
tion in public finance — introduced by Feldstein (1969) and Persson (1983) in static optimal-
taxation settings, brought into dynamic heterogeneous-agent macro by Bénabou (2002), and
most recently developed in the analytical framework of Heathcote et al. (2017), where it has
become the standard parametrisation. We refer to it as the Heathcote—Storesletten—Violante
(HSV) form throughout.

The HSV form expresses the tax liability at base level y as Thsv(y) = y — Ay'~" (Heathcote
et al., 2017, equation (1)), with post-tax disposable level § = A\y'~" and average rate

tusv(y) = 1—=Ay ™7, (15)

where 7 € [0, 1] is a progressivity index and A > 0 a level parameter. The functional form is
the unique two-parameter family for which the retention rate 1 — tgsy(y) is log-linear in logy,
so that log(1 — tysy(y)) = log A — 7logy. The parameter 1 — 7 has a clean economic reading
as the elasticity of post-tax to pre-tax base (Heathcote et al., 2017, equation (2)); the ratio of
marginal to average retention rates is also 1 — 7, which is why 7 is a natural index of residual
progressivity. The case 7 = 0 recovers a proportional schedule (t = 1 — \); the case 7 = 1

T

delivers full progressivity (t — 1 as y — c0). HSV applied to wealth, tgsy(z) =1 — Az ™7, gives

a progressive wealth-tax schedule with retention rate log-linear in log-wealth.?
The smooth log-progressive schedule (8) arises as the small-rate Taylor expansion of (15).

Proposition 1 (HSV linearisation). On any bounded log-wealth interval logz € [logxy —
L,logxzo + L], the HSV-on-wealth schedule (15) and the smooth log-progressive schedule (8)

agree to leading order in Tlog(x/xo) when the parameters are linked by
ro = 1—Azg", B = Arzy", (16)
with remainder bound

trsy(z) — r(z)| < 3wy (Tlog(z/m0))? = 1 (1 —ro)(rlog(z/x0))” . (17)

2In Bénabou’s notation (Bénabou, 2002, eq. 6) the same family appears as §; = gi=® yf, where ¢ is the elasticity

of disposable to market base. The mapping is ¢ =1 —7 and A =47, i.e. Bénabou absorbs the normalising scale
into a balanced-budget condition on aggregate disposable income.

10



Proof. Write u = 7log(z/z¢) and expand:

tusv(z) = 1—=Xz77 = 1— A7 exp(—u)
= 1-Azrg" (1 —u+ $u* + O(u?))
= (1= Azg7) + Azg"u — 3z 7u? + O(u).

Collecting the constant and linear-in-log(x/x¢) terms gives r(z) = ro+ 3 log(x/x¢) with r¢ and 3
asin (16). The quadratic term yields (17), with the remainder controlled by |u| = 7|log(z/z¢)| <
7L on the bounded interval. O

The remainder bound (17) is decisive in the wealth-tax regime. For an HSV-on-wealth schedule
fitted to a Norwegian-flavoured calibration — average rate 0.5% at z¢o = 1,000,000 NOK (the
median wealth scale) and 1.0% at x; = 5,000,000 NOK — the parameters solve to

T 31x107%, Arg”T ~ 0.995.

At a high-wealth point = = 50,000,000 NOK (log(z/xo) ~ 3.9), the remainder bound (17)
evaluates to
ltusy — | < 30995 (3.1 x 107%-3.9)> ~ 7.3 x107°,

that is, under one basis point.®> The smooth log-progressive form is therefore an excellent
approximation to the HSV functional form across the entire wealth-tax range, and effectively

coincides with it for any policy-relevant comparison.

Remark (Bracket schedules and the approximation breakdown). The smooth log-progressive
form is not a good approximation to bracket schedules of the form r(z) = r-1{z > X} that are
actually implemented in jurisdictions such as Norway. A bracket schedule has a discontinuity
at the threshold which the smooth form smears into a logarithmic ramp; the HSV linearisation
argument above does not apply because no continuous functional form can reproduce the kink.
The substantive policy-relevant analysis on bracket schedules is taken up in Section 4, which uses
piecewise-Gaussian techniques specific to that case. The smooth strand of the present section
serves a different role: as the analytical benchmark on which the criteria coincide, it establishes
the no-disagreement baseline against which Section 4’s criterion divergence on bracket schedules

is the substantive new finding.

3.2 Post-tax dynamics as an Ornstein—Uhlenbeck process

We begin by substituting the smooth schedule into the post-tax SDE (6). With r(e¥) = ro +
B(Y — o) where yo = log xg, the SDE on Y becomes

dY; = [kmo —ro + Byo — AYi]dt + Vo dW;. (18)

3The bound is quadratic in 7log(x/xo) and the small-rate regime makes 7 small; even at the highest wealth
levels in the relevant empirical range, the linearisation error is two orders of magnitude below the resolution of
any actual policy lever.

11



Collecting the constant terms and the Y;-coefficient, this is an Ornstein-Uhlenbeck (OU) process:
dY; = —B(Y; — y.)dt + Vko dWy, (19)

with reversion rate 3, equilibrium level

and diffusion coefficient vk o.

Remark. The reversion rate is the progressivity slope § alone; the flow-tax retention k enters
only through diffusion (uniform rescaling) and through the equilibrium position y,. This is the
formal expression of the additive separability of channels established in Frgseth (2026d, §7): the
flow-tax channel acts uniformly on diffusion and on the constant component of drift, while the

wealth-tax channel acts on the state-coupled component of drift.

The proportional limit 5 — 0 corresponds to the case treated in Frgseth (2026b), where the
post-tax process is a Brownian motion with constant drift kmy—rg on log-wealth and no steady-
state distribution. The progressive case 5 > 0 confines the process and produces a stationary

distribution, recovering the OU confinement mechanism of Frgseth (2026f, §4) when k& = 1.
3.3 Steady-state distribution and the structural ratio

Standard OU theory gives the stationary distribution explicitly.

Proposition 2 (Steady-state distribution). For § > 0 and any initial condition Yy, the post-tax

process (19) converges as t — oo to the stationary distribution

9 9 ko?

The induced steady-state distribution of raw wealth X oo = exp(Yoo) is log-normal with parameters

(y*u 0-32/)

Proof. The OU SDE (19) is linear and admits the explicit solution

t
Y;E = Yx + (Yb - y*)e_ﬂt + \/EO'/ €_B(t_s)dW5 .
0

The integral is a centred Gaussian with variance fg ko2e 28(=5)ds = (ko?/2B)(1—e2P!), which
converges to ka?/(23) as t — co. The mean converges to y. and the variance to o3-. The induced

distribution of X, = e¥> is log-normal by definition. O

The crucial observation is that 032/ depends on the two design parameters only through their

ratio.

Definition 1 (Structural progressivity ratio). For a smooth log-progressive schedule (k,rg, 8) €
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Stow+prog, the structural progressivity ratio is

s
= —. 22
Pp k ( )
In terms of p, the steady-state log-variance reads
2
9 o
oy = —. (23)

The two design parameters (k, ) appear in the inequality analysis only through the single
combination p,. The equilibrium location y, depends separately on (k, 3, rp), but inequality

measures are location-invariant: they depend on the shape of the distribution through 032/ alone.

Remark (Comparative statics). From (22), the structural ratio is increasing in 5 and decreasing
in k. Equivalently, 0 is decreasing in 3 and increasing in k: more progressivity compresses the
steady-state distribution, more flow-tax retention expands it. This will translate directly into
the comparative statics of the redistributive criteria below.

3.4 Closed-form inequality measures on the design plane

Both redistributive criteria reduce to closed-form functions of the structural ratio.

Proposition 3 (Gini and top share on the smooth class). Under Proposition 2, the steady-state

Gini coefficient and top share at quantile q € (0,1) satisfy

Gini(pp) = erf(ag) = erf<2\/0%> , (24)

Slpp) = 1-0(®7(g) —0y) = 1—<1><c1>—1(q)— J%) . (25)

Both are strictly decreasing in p, and strictly increasing in 052/.

Proof. The closed forms (12) and (14) for the log-normal Gini and top share apply directly to
the steady-state distribution of Proposition 2, with oy given by (23). Both are smooth strictly-
monotone functions of o3 (the derivative of erf is positive, and ® is strictly increasing), and o3

is strictly decreasing in p, by (23). O

Remark (Iso-inequality curves on the design plane). The level sets of Gini and S, on the (k, §)
plane coincide: both are level sets of the structural ratio p, = §/k, i.e. rays from the origin with
slope p, when 3 is plotted against k. The two design parameters substitute for one another
along these rays at a fixed inequality level: any (small k, small ) pair on the same ray is
inequality-equivalent to any (large k, large ) pair on that ray. The two redistributive criteria

see only this one combination on the smooth class.
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3.5 Aggregate revenue at steady state

We turn now to the revenue generated by the wealth-tax channel at steady state. This determines

which (k, 8,7¢) triples are jointly admissible at a given revenue target.

Proposition 4 (Wealth-tax revenue at steady state). Under Proposition 2, the per-capita ag-
gregate revenue generated by the wealth-tax channel, R, = E[r(X«) X, satisfies

(26)

—g2/4) —
Rw:kzu.E[Xoo]:ku.exp{yo—{—k(u o /4) TO}.

B

Proof sketch. The mean follows from the log-normal MGF: E[X] = exp(y. + 0%/2). For
E[r(X)X], expand r(X) = 79 + B(Y — yo) and use the identity E[YeY] = E[X](y« + %) to
obtain E[r(X)X] = E[X](kmo + Bo?). Substituting 0 = ko?/(28) collapses this to kuE[X].
Full computation in Appendix A.1. O

Remark (Revenue-as-aggregate-growth identity). The identity R, = kuE[Xo] is the steady-
state expression of the budget identity at the population level: at the stationary distribution,
aggregate wealth-tax collections equal aggregate post-flow-tax growth kp times mean wealth.
The progressivity slope 5 does not appear explicitly in the revenue identity — it shifts the
distribution of who pays without changing the aggregate revenue at steady state, conditional on
E[X]. The total nevertheless depends on (k, 8, rp) through E[X], and (26) gives the explicit

dependence.

Proposition 4 provides the means of expressing the floor rate ry as a function of (k, ) and a

revenue target R} :

2 Ry,
rg = k(u—i)—ﬁlog(kﬂzo) . (27)

For each admissible (k, 8, R},) triple, this fixes a unique floor rate that delivers exactly the target.

The admissibility region is rqg > 0, which translates to

* o2
B log(R;, /(kpao)) < k(pn— ). (28)
On the side of the design plane where R} < kpxo, the left-hand side is negative and (28) is
satisfied for all 8 > 0; on the side where R; > kuxg, the constraint binds at large 5.
3.6 Joint optimal design

We now formulate the joint optimal-design problem on the smooth class. Given a redistributive
target (a Gini level G* or a top-share level S;) and a revenue target Ry, the designer selects

(k, B,r0) to satisfy both constraints within feasibility.

Definition 2 (Joint optimal-design problem). For a redistributive target Gini* and a revenue

target Ry , the Gini-targeted joint optimal design is the solution of

. .. .ex\ 2
Gini[k, 8] — Gini* 29
(k,éfit?ef( inilk, f] — Gini") (29)
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subject to the revenue constraint R,[k, 5,79 = R},, where F is the feasibility set
F = {(k)ﬂv’rO) ke [kmina 1]) ﬁ € [O’ﬁmax]a ro > 0} . (30)

The lower bound ki, is fixed by the feasible range of the corporate—dividend tax pair; the upper
bound Bmax by the implementability of the top wealth-tax rate. The top-share-targeted joint

optimal design is defined analogously with S, replacing Gini.
Propositions 3 and 4 reduce the three-parameter problem to a one-parameter problem in p,.

Theorem 1 (Reduction to the structural ratio). On the smooth log-progressive class, the Gini-
and top-share-targeted joint optimal designs of Definition 2 coincide and are characterised by a
single equation in pp:

02

- 31
oy 207 (31)

where oy, is the unique log-normal log-variance satisfying Gini = Gini* (equivalently, S, =
Sy) on the canonical (log-normal) family. The optimum is feasible if and only if there evists
(k,8) € [kmin, 1] X [0, Bmax] with B = pj, - k and the corresponding ro from (27) non-negative.
When feasible, the optimum is degenerate along the ray B = p, - k: any (k,B8) on this ray with

ro adjusted via (27) achieves the same Gini and the same revenue.

Proof. By Proposition 3, both criteria are strictly monotone functions of 0%, and by Proposi-
tion 2 032/ is a strictly monotone function of p, = /k alone. Both criteria are therefore strictly
monotone functions of the single combination p,, and any feasible target inverts uniquely to a
unique py; via (31). By Proposition 4 and (27), for any (k, 8) with 3 = pyk the floor rate rg is
uniquely determined by the revenue target R}. The feasibility condition follows from (30) and
(28). O

Remark (Degeneracy along the optimal ray). Theorem 1 states a degeneracy: any (k,[) €
J on the ray 8 = ppk solves the joint optimal-design problem. The criterion does not pin
down the individual values of the flow-tax retention k£ and the progressivity slope ; only their
ratio is determined. Pinning (k, ) individually requires an additional consideration outside the
inequality—revenue problem — for example, an upper bound on the top wealth-tax rate rpyax, a
corporate-tax revenue requirement, or a distortion-minimisation criterion as in Froseth (2026b).

We discuss these in Section 8.
3.7 Comparison theorem

Theorem 1 contains the comparison theorem on the smooth class.

Corollary 1 (Comparison theorem on the smooth class). On the smooth log-progressive subclass
within (C1)-(C3), the Gini-optimal and top-share-optimal joint designs at any fized revenue
target R, coincide as sets in F. The optimal structural ratio p, depends on the chosen target
level (Gini level or top-share level), but the choice of criterion family — Gini versus top share

at any quantile ¢ — does not select a different optimum.
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Proof. Both Gini and S; are strictly monotone functions of 012/ on the log-normal family (Propo-
sition 3), and o is determined by p, alone (Proposition 2). Two distinct criteria can only
disagree about which p; is the optimum if their targeted levels parametrise different log-normal
sub-families. They do not: the Gini target Gini* and the top-share target S each pick a unique

032/7 . on the canonical family, so each picks a unique pj, via (31). O

The substantive policy reading of Corollary 1 is deliberately negative: on the smooth class, the
choice between Gini and top-share targets does not affect the optimal schedule shape, only the
targeted level. This is the no-disagreement baseline of the paper. The result is not a structural
feature of the design problem itself — the schedule space is rich enough to admit non-trivial
criterion divergence — but of the canonical-distribution restriction imposed by the smooth log-
progressive functional form. The two criteria parametrise the log-normal family differently (Gini
through oy via the error function, top share through oy via the inverse Gaussian CDF), but
on the one-parameter family { N (yx, 032/) : 012/ > 0} the parametrisations are isomorphic and the

optima coincide.

The bracket case in Section 4 breaks this canonicity. The post-tax distribution under a bracket
schedule is piecewise-Gaussian rather than log-normal, with shape controlled by additional pa-
rameters (the threshold position X, the rate r above the threshold, the curvature of the density
at the matching point). Two redistributive criteria that agree on the canonical family can dis-
agree on the richer piecewise-Gaussian family, and which schedule shape is selected depends on
whether overall compression (Gini) or tail compression (top share) is the binding redistributive
objective. Section 4 establishes that this disagreement is real and has policy bite at calibrated
parameter values: the criterion choice is not just a labelling difference but selects qualitatively
distinct optimal schedules. The no-disagreement baseline of the present section is what makes

that result substantive rather than generic.

3.8 The Stiglitz channel and (C1)—(C3) neutrality

The OU compression mechanism we have used to derive the inequality reduction in this section
operates entirely on the quantity dimension: progressivity 5 shrinks the steady-state log-variance
02 = ko?/(28), and both inequality criteria see only this shrinkage. A natural question is
whether the same progressivity might also act on the price dimension — equilibrium asset returns
— in a way that partially or fully offsets the quantity compression. This is the question asked,
in the labour-skill setting, by Heathcote et al. (2017) in the Stiglitz tradition of treating pre-tax
distributions as endogenous equilibrium objects (Stiglitz, 1985), and the answer is informative

for our framework.

The Stiglitz mechanism in the HSV model. HSV embed the progressivity parametrisation
(15) in a heterogeneous-agent equilibrium model with endogenous skill investment. Individuals
choose initial skill s(x;7) to maximise expected utility, with cost depending on inverse ability
k; skills are imperfect substitutes in production with elasticity #. Two channels then deter-
mine how progressivity affects equilibrium inequality (Heathcote et al., 2017, Proposition 2 and
Corollary 2.1).
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e Quantity channel. Higher 7 reduces the after-tax return to skill, so optimal skill investment
falls: s(r;7) oc (1 —7)%/ (%) . & where 4 is the elasticity of skill investment to the after-tax

return. The skill distribution compresses toward zero as 7 — 1.

e Price channel. Imperfect substitutability in production drives up the pre-tax skill premium
when high-skill types become scarce. The equilibrium marginal skill premium 7;(7) o (1 —
T)_W (14%) ig strictly increasing in 7 and divergent at the progressivity boundary. Heathcote
et al. (2017) label this feedback the “Stiglitz effect,” citing Stiglitz (1985) for the broader
principle that the pre-tax wage distribution is an endogenous equilibrium object that responds
to taxation through the supply side; the specific imperfect-substitution mechanism is a feature

of HSV’s own model rather than a result of the cited paper.?

The two channels move pre-tax inequality in opposite directions, and HSV obtain the striking
conclusion that they exactly cancel: under their baseline log-utility specification, the variance
of log skill prices is 1/6?, independent of 7 (Heathcote et al., 2017, Corollary 2.1). The entire
compression of the wage distribution under progressivity comes from the quantity adjustment;
the price dimension is undisturbed. The result depends sensitively on the utility structure (HSV
note that the cancellation is exact only under their baseline specification), but the qualitative
point is robust: in any equilibrium model where the progressively-taxed quantity is endogenously
supplied through choices made on heterogeneous primitives, the supply response generates a

price-level offset that the quantity-only analysis misses.

The wealth-tax analogue. The structural translation to a progressive wealth tax is direct.
The endogenous quantity is no longer skill investment but the equilibrium portfolio composition
chosen by households: how much wealth is held in risky versus safe assets, and across asset
classes more finely. The price dimension is the equilibrium pre-tax return on each asset class —
the p of the model in Section 2.1 — which clears the asset market given aggregate household
demand. A progressive wealth tax that pushes high-wealth households toward safer portfolios
shifts the relative demand for risky assets and, in general equilibrium, induces a Stiglitz-type
price feedback: the pre-tax risky return rises as risky assets become harder to place, partly

offsetting the direct compression effect of the tax on accumulated wealth.

The framework of Section 2 treats p and o as exogenous, so the price feedback is by construction
absent. The question is whether this is a reasonable modelling choice or whether the absence of

the channel masks an inequality-relevant offset.

(C1)—(C3) neutrality structurally suppresses the channel. The answer in the schedule
space we treat is unambiguous: the Stiglitz channel is suppressed not by assumption but by
the (C1)—(C3) class itself. The generalised-neutrality theorem of Frgseth (2026d) establishes
that on the (C1)—(C3) class, the wealth tax acts on the post-tax wealth process by drift-shift-

4Stiglitz (1985) develops a labour-market model with search frictions and imperfect information, showing the
existence of equilibria with wage dispersion across firms paying for identical labour. The mechanism there is
firm-side rather than production-side, and the connection to HSV’s skill-premium feedback is through the general
Stiglitz-tradition reading of pre-tax wage distributions as endogenous equilibrium objects, not through any specific
result.
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and-rescale without altering the relative drifts between assets. A household at any wealth level
chooses the same risk-bearing allocation w* irrespective of (k, 3,79): the wealth-tax channel is
a uniform compression of the household’s budget constraint along the safe direction, and the
flow-tax channel is a uniform rescaling of excess returns by k. Neither modification redirects the

household’s portfolio composition.

The aggregate consequence is that, on the (C1)-(C3) class, relative demand for risky versus safe
assets does not respond to progressivity. Aggregate demand for each asset class scales uniformly
with the post-tax wealth distribution, so the market-clearing condition for risky assets does not
call for a shift in the equilibrium pre-tax return p. The Stiglitz price-feedback channel is therefore
not present within the (C1)-(C3) class — the OU compression mechanism of Proposition 2 and
the comparison theorem of Corollary 1 are operative on the quantity dimension alone, and the

inequality reduction we have derived is genuine rather than a partial-equilibrium artefact.

Interpretation: the framework isolates the OU mechanism. The contrast with HSV
is structurally informative. In HSV’s labour-skill setting the two channels coexist and largely
cancel, so the progressive tax operates predominantly through quantity adjustment in equilib-
rium. In our wealth-tax setting on the (C1)—(C3) class, the price channel is shut off entirely
by the neutrality conditions, so the progressive tax operates only through quantity adjustment
by construction. The two settings arrive at quantity-only compression by different routes: HSV
through a cancellation that is utility-specific and partial, ours through a structural neutrality

property that is exact and robust to utility specification within the (C1)—(C3) class.

This is a positive feature of the framework rather than a limitation, on at least three grounds.
First, it makes the inequality result of Proposition 3 sharp: there is no unrepresented offsetting
channel that would attenuate the 032, x 1/f scaling in general equilibrium. Second, it identifies
the (C1)—(C3) class as the precise structural assumption under which the OU compression
mechanism is the unique inequality channel; outside the class, the Stiglitz feedback re-enters
and the analysis becomes a joint quantity—price equilibrium problem with potentially distinct
implications. Third, it specifies which features of an actual wealth-tax system would activate
the Stiglitz feedback: the violations of the (C1)—(C3) conditions catalogued in Frgseth (2026d,
§5). Failure of (C1) (73 # 7) or (C2) (rs # ry) creates a relative distortion between the equity
and debt channels that shifts aggregate portfolio composition in a way the wealth-tax rate
would amplify; failure of (C3) (non-uniform asset assessment) tilts the tangency portfolio in
a way that high-8 schedules amplify further. In each case, the quantity-only analysis of the
present section would need to be embedded in a richer asset-market-clearing model to recover

the full inequality response.

The suppression argument is structurally tied to (C1)—(C3) and so carries through unchanged
to the bracket strand of Section 4. Section 5.1 treats the non-uniform-assessment case in detail;
the bracket-strand calibration of Section 6 works inside the (C1)-(C3) envelope through the

uniform-assessment approximation a.
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3.9 Limit cases and connection to the corpus

The smooth log-progressive strand recovers two important limits of the existing corpus.

k =1 limit: stock-only progressive case. Setting k = 1 removes the flow-tax channel; the
SDE (19) becomes
dY; = —B(Y; — y)dt + o AWV,

which is the OU confinement of Frgseth (2026f, §4) with g playing the role of the progressivity
parameter and o2 = 02/(2f3) the steady-state log-variance. The Gini-optimal design pp =B in
this limit recovers Frgseth (2026f, Theorem 3) verbatim. The present analysis generalises that
result by allowing the same inequality target to be achieved at any k € [kyin, 1] with 5 = pp -k,

providing a continuum of joint designs that are inequality-equivalent to the stock-only case.

£ =0 limit: proportional case. The proportional limit collapses the schedule to a flat rate
r(z) = ro and the SDE loses its restoring force, leaving Brownian motion with constant drift on
log-wealth. No stationary distribution exists (p, — 0, 0% — oo, Gini — 1, S; — 1): the well-
known Bouchaud and Mézard (2000) observation that proportional taxes do not redistribute
through the market channel (Frgseth, 2026f,b), and the sub-class on which Frgseth (2026b)

substitutes finite-horizon distortion-minimising criteria for the steady-state criteria treated here.

The full smooth class indexed by (k, 3) interpolates between the two limits, and the optimal-
design ray = p,k traces a one-parameter family of inequality-equivalent schedules of which
the stock-only case is one extreme — the analytical content of this section relative to Frgseth
(20261,b) taken separately.

4 The bracket strand

We turn to the bracket sub-class (9), the form actually implemented in jurisdictions such as
Norway, Switzerland, and (historically) Spain and France: a zero-rate region below a threshold
X followed by a positive rate r above it (single-bracket), with some jurisdictions adding a top
bracket above a second threshold X (two-bracket).

The dimensionality of the inequality-relevant policy space organises the analysis. The single-
bracket case at fixed regime collapses to a single active policy variable, so both criteria reduce
to monotone functions of it and the equivalence of Corollary 1 carries through (in a weaker
form). The two-bracket case has a three-dimensional policy space with a substantive criterion
divergence: a single Gini level admits a near-order-of-magnitude range of top-1% shares across

the iso-Gini manifold.

Notation. The smooth-strand parameters (k,rg, 3) of Section 3 are not the bracket-strand
parameters of this section. We use A\-symbols exclusively for the log-wealth slopes of the steady-
state density: A_ on the lower regime in the single-bracket case, and (Mg, A1, A2) on the lower,
middle, and top regimes in the two-bracket case. Where the slope is negative on the upper

regime (so that the raw-wealth distribution has a Pareto-shaped tail) we use the positive-valued
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Pareto exponent o = —\. The threshold ratio A = log(X;/X) enters the two-bracket case as

a third inequality-relevant parameter.

4.1 Post-tax dynamics and steady-state distribution

Substituting the single-bracket schedule r(z) = r - 1{x > Xy} into the post-tax SDE (6) yields

a process on log-wealth with piecewise-constant drift,
AY; = [kmo —r - 1{Y; > yo}]dt + VEk o dW;, (32)

where yo = log Xo. The drift is kmg below the threshold (untaxed regime) and kmgy — r above
(taxed regime); the diffusion is uniform vk ¢ throughout. The process is no longer Ornstein—

Uhlenbeck and the steady-state distribution is no longer Gaussian.

Proposition 5 (Bracket steady-state distribution). Suppose mg > 0 and r > kmg. The post-tax

process (32) admits a unique stationary distribution on R with density

e/\—(yfyO) Y < Yo »
m(y) = WO'{ (33)

e)‘+(y7y0) Y Z Yo »

where

2my 2 (r A—(=A4)
)\_:7, )\+:—02(k—m0), TN — V- (34)

The steady-state mass on each side of the threshold is

“Ay A
T > = —.
A P(Yoo > w0) (35)

P(Yoo <90) =
Proof. The stationary Fokker-Planck equation 0 = —9,(b(y)) + 30% 8571’ with zero probability
current and constant diffusion o = ko? reduces to 7/ /m = 2b(y)/c}. Within each regime the
drift is constant, so the density is exponential with rate Ay as in (34). The condition r > kmyg
ensures Ay < 0, so the right-hand exponential decays at +o0c. The condition mg > 0 ensures
A_ > 0, so the left-hand exponential decays at —oco. Continuity of 7 at yg gives equal pre-factors
on both sides; normalisation [, 7(y)dy = 1 then determines 7y as in (34). The mass split (35)

follows by direct integration. O

Section 33 is the asymmetric Laplace density on log- wealth, centred at the threshold yy with
separate decay rates on each side. Substituting back to raw wealth, X, = e¥> has the piecewise

power-law density

Ix(x

A -1
0 XO x O<z< )([)7
) = { (36)

0 X()_>‘+ 22 > X,

The upper tail (z > Xj) is Pareto with exponent a = —\; = 2(r/k — mg)/o?. The Pareto
exponent is fully determined by the policy parameters (k,r) and the regime parameters (mg, o);

the threshold X appears nowhere in « or in the mass split (35). The threshold acts purely as
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a multiplicative scale on raw wealth: shifting it Xg — cXq shifts the steady-state distribution
to Xoo — ¢ X5 in distribution.

Remark (Finite-mean regime). The Pareto upper tail has finite mean if and only if @ > 1,
equivalently r > k(mg + 02/2) = ku. For a < 1 the steady-state distribution exists but
E[X ] = oo and neither inequality criterion is well-defined. We therefore restrict the analysis
to the finite-mean regime « > 1, equivalently r > ku; the practical wealth-tax rates considered

in the calibration of Section 6 sit comfortably inside this region.

4.2 The two-parameter reduction

Proposition 5 reduces the three-parameter schedule space (k, Xo,7) to a two-parameter shape
description (A_,«), with X entering only as a multiplicative scale. Both inequality criteria,

being scale-invariant, depend on the policy schedule through (A_, «) alone.

Definition 3 (Bracket shape parameters). For a single-bracket schedule (k,r, X() within the

finite-mean regime, the bracket shape parameters are
2mg 2 (r
A :?, a:<—m0>7 (37)
with A_ > 0 and o > 1.

The lower-regime slope A_ is independent of the policy schedule: it is a regime parameter
determined by (mg, o) alone. The upper-regime Pareto exponent « is set jointly by the regime
parameters and the effective wealth-tax rate r/k above the threshold; the flow-tax retention k
and the wealth-tax rate r enter only through this ratio. The single dimensionless quantity that
responds to schedule choice within the bracket sub-class is therefore «, with the two-dimensional

(A_, @) pair fixing the post-tax shape.

4.3 Closed-form inequality measures
The piecewise power-law structure of (36) admits closed forms for both redistributive criteria.

Proposition 6 (Closed-form Gini and top share on the bracket sub-class). Under Proposition 5

and the finite-mean condition o > 1, the steady-state distribution has mean

A«
EXy] = Xo- 38
Kool = X0 D@D (38)
and the inequality criteria evaluate to

- _ =+ (a1 po 2 Pt Pi

Gini(A-, @) = Ao >l 241 a-1 2a-1| (39)
1 A 1/a
v = (145 a- (a—l)/a.( ) 4

Si-a) = (145) 0= ) (40)

where p— = a/(A- + «) and py = A_/(A- + «) are the steady-state masses below and above the
threshold, with the top-share formula (40) wvalid for ¢ > p_ (the quantile of interest above the

21



threshold; see Section 4.3 below for q < p_).

Proof sketch. Direct integration of the piecewise-power-law density on each regime, combined
with the standard identity Gini = (1/E[X]) [ F(1 — F)dz and the Pareto-tail mean formula
E[X | X > z;] = azy/(a — 1). The finite-mean condition o > 1 ensures all integrals converge.

Full calculation in Appendix A.2. O

Remark (Top share at quantiles inside the lower regime). For ¢ < p_ the quantile z, =
(¢/p—)"*~ lies in the lower regime, and the top-share calculation has contributions from both
regimes: S, = (E[Z1{Z > z,, Z < 1}| + E[Z1{Z > 1}])/E[Z]. The closed form is straight-
forward but unenlightening; for the empirical calibrations in Section 6 the relevant quantile
q € {0.99,0.999} exceeds p_ at every parameter configuration we consider, so (40) applies and

we suppress the case ¢ < p_ throughout.

4.4 Criterion equivalence on the single-bracket sub-class

The two-parameter pair (A_, «) of Definition 3 reduces to a one-parameter description once the
regime is fixed: A\_ = 2mg/0? is determined by the no-tax dynamics (i, o) alone, and the active
policy variable is the Pareto exponent «.. This collapses the inequality criteria to one-dimensional

functions of «.

Proposition 7 (Single-bracket criterion equivalence at fixed regime). At fized regime \_ >
0, both inequality criteria Gini(A_, ) and Sq(A—,a) of Proposition 6 are strictly decreasing

functions of o on the finite-mean regime o > 1. Consequently:

1. There is a unique agy,;(A—, Gini*) achieving any feasible Gini target Gini*, and a unique

g, (A-,S;) achieving any feasible top-share target.

2. For any feasible target pair (Gini*, S’;) that corresponds to the same o, the Gini-targeted and

top-share-targeted joint optimal designs of Definition 2 coincide.

The criterion-equivalence baseline of Corollary 1 therefore carries through to the single-bracket
sub-class, in a slightly weaker form: both criteria are functions of the single shape parameter «

at fixed regime, and the criterion choice does not select different optimal schedules.

Proof sketch. Differentiation of (40) gives J,log S, as a sum of three terms; the term log(1 —
q)/a? dominates (negative, since 1 — ¢ is small for ¢ near unity), and numerical evaluation
confirms the derivative is negative throughout @ > 1 at any A_ > 0 and ¢ > 0.5. The Gini
coefficient satisfies Gini — 1 as o — 17 and approaches a finite floor as o — 00; numerical
evaluation across o € [1.2,5] confirms strict monotone decrease. Both criteria being strictly
monotone in «, target-inversion has a unique solution; equivalent targets pick the same a*. Full

calculation in Appendix A.3. O

Remark (Strength of the equivalence). Proposition 7 is a weaker form of the smooth-class equiv-
alence of Corollary 1: in the smooth case, both criteria depend on the single combination

pp = B/k of the two design parameters, so the equivalence holds across the entire 2D design
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plane. In the bracket case, the equivalence holds only after the regime parameter A_ is fixed
at its no-tax value; the active policy variable then collapses to «, and the equivalence emerges
from the one-dimensionality. The two-bracket case below does not admit this further reduction,

and the genuine criterion divergence emerges there.

The single-bracket case is therefore best understood as analytical scaffolding: it establishes
the closed-form machinery (Propositions 5 and 6) used in the two-bracket analysis below, and
confirms that the single-parameter restriction inherited from the schedule’s one-rate structure
preserves the criterion-coincidence property of Section 3. The substantive new content of the
bracket family — where Gini and top-share genuinely disagree — arises with the additional

policy parameters of the two-bracket schedule.

4.5 Single-bracket joint optimal design

We formulate the joint optimal-design problem of Definition 2 on the single-bracket sub-class.
The two policy levers entering the shape parameters are the flow-tax retention k£ and the wealth-
tax rate r, combined into the effective rate r/k. The threshold X, enters only as a scale, so we
may treat it as fixed by normalising E[X ] to a target mean wealth W via (38):

= A+ 1)(a—1)

Xo = . . 41
o =W o (41)

The two-parameter design plane (A_, ) then comprises the full inequality-relevant policy space,

with A_ a regime parameter (determined by the no-tax (u, o)) and « the active policy variable.

Corollary 2 (Bracket joint optimal design). At fized regime (u, o) and fized mean-wealth target
W, the Gini- and top-share-targeted joint optimal-design problems within the bracket sub-class

reduce to optimisation in the single parameter «, equivalently in the effective rate r/k:

QG = arg>rrllin | Gini(A_, a) — Gini* |2, (42)
(03
o = argmin |S,(A_,a) = S 2, (43)
a>1

subject to the implementability bound o < amax = 2(Tmax/Kmin — mo)/O'Q. By Proposition 7,
equivalent targets pick the same o, so the criterion choice does not distinguish optimal schedules

within the single-bracket sub-class.

The corollary makes the single-bracket policy implication concrete: the pair (k,r) is constrained
by the corporate—dividend retention floor k,;, and the implementability ceiling ry.x, but within
the feasible region the choice of effective rate r/k is the active design variable, and both criteria
pick the same a*. To exhibit a substantive criterion divergence we require a schedule family
with a multi-dimensional inequality-relevant policy space. The two-bracket sub-class supplies
it.
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4.6 Two-bracket post-tax dynamics and steady-state

The two-bracket schedule (10) is the policy-realistic form: Norway introduced X; ~ 20 M NOK
with r9 = 1.1% in 2023 alongside the standard Xy ~ 1.7 M NOK with r; ~ 1.0%; several Swiss

cantons operate similar two-tier structures. Substituting into (6) yields the post-tax SDE
AY; = [kmo —rm1{yo <Y <1} — ro1{Y; > g1 }]dt + Vo dW;, (44)

where yo = log X and y; = log X;1. The drift is piecewise constant on three regimes: kmg on
the lower regime (y < o), kmo — r1 on the middle regime (yo < y < y1), and kmg — r2 on the
top regime (y > y1).

Proposition 8 (Two-bracket steady-state distribution). Suppose mg > 0 and ro > kmg. The

post-tax process (44) admits a unique stationary distribution on R with density

ez\o(y*yo) y < yo ,
m(y) = mo-qeMlT0) gy <y <y, (45)
£-eMv) gy >y

with three slopes

2 2 — k 2 — k
Ao = =0 , A= Hmo = r1/k) , Ag = Hmo = ra/k) , (46)

o2 o2

the threshold ratio A = y; — yo = log(X1/Xo), and the dimensionless parameter &€ = eM™. The
normalisation constant is
1 —1 -1
£ . £

" /\70+ AL

s a9 = —)\2 5 (47)

(with the limiting case £ — 1)/ A1 — A for Ay — 0). The mass on each regime is

po="0 po gy it TS
0 )\07 m 0 )\17 2 a2-

(48)

Proof. The stationary FP equation gives /7 = 2b(y)/(ko?) in each regime, with the drift
values (46) yielding the three exponential rates. Continuity at yo matches the lower and middle
regimes; continuity at y; introduces the factor ¢ = eM®. Normalisation Jgmdy = 1 then
determines 7y as in (47). The condition ro > kmg ensures A2 < 0 so the top exponential decays
at +oo; the condition mg > 0 ensures \g > 0 so the lower exponential decays at —oo; the middle
slope A\ can be any sign without disturbing integrability. The mass expressions (48) follow by

direct integration on each regime. O

The slope Ag of the lower regime is identical to the single-bracket case: it is a regime parameter,
independent of policy, fixed by the no-tax dynamics. The middle slope A\; depends on the
effective middle rate r1 /k, and the top slope A2 on the effective top rate ro/k. With ro > r1, the

top regime is more compressed than the middle regime (A2 < A1), and in the empirical range
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both effective rates can be positive or negative relative to mgy. The raw-wealth distribution has
piecewise power-law density with two Pareto-style upper exponents: —A; on the middle regime
(which we call a3 when \; < 0, with the convention ar; = —\j; the case A\; > 0 corresponds to a
non-decreasing middle density and is not Pareto-shaped) and as = —A2 > 0 on the top regime

(always Pareto-shaped under the steady-state condition).

The inequality-relevant policy space. The two-bracket steady-state distribution depends
on five schedule parameters (k,r1,r2, Xo, X1), of which X acts as a multiplicative scale (fixing
E[X~]) and the remaining four enter the shape through the three slopes (Mg, A1, A\2) and the
threshold ratio A. At fixed regime (u, o), the slope \g is exogenous; the inequality-relevant policy
space is therefore three-dimensional, parametrised by (A1, A2, A) or equivalently by (a1, a9, A) €

R x (1,00) x Ry. This is the structural reason for the criterion divergence we establish below.

4.7 Closed-form Gini and top share

Both inequality criteria admit closed-form expressions on the two-bracket steady-state distribu-

tion.

Proposition 9 (Two-bracket closed forms). Under Proposition 8 and the finite-mean condition

ag > 1, the steady-state distribution has mean

1 n—1 U] A
E[X.] = X m- = tDA 4
Kool N v T vy e | R (49)

The Gini coefficient Gini(A1, ag, A; Ao) s given by integration of F(1—F') over the three regimes,
evaluable in elementary functions; the explicit form is a sum of nine terms involving the masses
(Po, Pm,p2) and the regime-specific exponents, of which only the structural pattern matters for

5

the divergence result and we suppress the full expression here.° The top share at quantile g with

1—q <p2 (ie., z4 in the top regime) is

€A a9

% T BXal/Xo an-1

(1 — g)lez=D/az  prfez. (50)

The proof is by direct integration on each regime, using the piecewise power-law density of the
raw-wealth distribution; we relegate the explicit formulas to the supplementary material to keep

the exposition compact.

The structural fact behind the divergence is now visible. Section 50 expresses S; through the
mean E[X.] (which depends on all four parameters (Mg, A1, a9, A)), the threshold scale e?,
the Pareto exponent «s, and the mass fraction ps above the second threshold. Two of these
quantities (aw, p2) directly involve the top regime; the others (E[Xu]/Xo,e?) carry the global
scale through the mean. Both factors react to changes in A\; and A, but in a coupled way that

largely cancels in S;. The Gini, by contrast, integrates F'(1 — F') over the three regimes with

®The single-bracket form (39) extends term by term to the two-bracket case via the same G - E[X] = f F(1-
F)dz identity, with the middle regime contributing a(1 — a)(e® — 1) + b(1 — 2a)(n — 1)/ (M + 1) — b2 (e 1+DA —
1)/(2A1 4+ 1) where a = po — w0 /A1 and b = 7o /A1, and the top regime contributing e [p2/ (a2 — 1) —p3/(2a2 —1)].
The numerical evaluations underlying Table 1 use these closed forms directly.
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weights given by their respective masses and densities; it picks up the lower- and middle-regime

shape independently.

4.8 Criterion divergence on the two-bracket sub-class
We now establish the substantive divergence result.

Theorem 2 (Criterion divergence on the two-bracket sub-class). Fiz the regime parameters
(1,0) and the mean wealth W = E[X]. The Gini coefficient and top share S, on the two-
bracket sub-class, both viewed as functions of the three-dimensional inequality-relevant policy
space (A1,a2,A) € R x (1,00) x Ry wvia Propositions 8 and 9, have non-trivially distinct level
sets. Specifically, on any open subset of the policy space where the gradients VGini and V.S,
are linearly independent, the iso-Gini manifold {(\1, az,A) : Gini = Gini*} admits a direction
along which S, varies non-trivially, and conversely. Linear independence of the gradients holds

on a dense open subset.

Proof sketch. The top share factors as S, = (1 — g)@2=D/e2 L [ (), ap, A), with the prefactor
depending on as alone. The Gini has no ¢-dependence and inherits a Aj-contribution through
the middle-regime Lorenz integral. The 2 x 2 Jacobian minor of (Gini, S;) in (A1, o) evaluates
numerically to J &~ +4.1 x 1073 at the calibrated point (Ag = 1.53,A = 1.5,A\; = 0,0 = 2),
distinctly non-zero; real-analyticity of the closed forms extends non-vanishing to a dense open
subset, and the implicit function theorem then yields the non-trivially distinct level sets. Full

computation of the gradients is given in Appendix A. O

The proof establishes the structural divergence; the substantive magnitude is a quantitative
question. Figure 1 visualises the spread, and Table 1 exhibits seven distinct two-bracket config-
urations, each matching the Gini target Gini* ~ 0.45 (within +0.005) at fixed regime A\g = 1.53
(corresponding to a Norwegian-flavoured calibration with mo = 0.06, o = 0.28, equivalently
@ ~ 0.10). Threshold ratio A varies between rows, spanning policy-realistic ranges from
X1/Xo ~ 2.7 (A = 1.0) to X1/Xo ~ 12 (A = 2.5). The associated top-1% shares span

{0.052,...,0.394} — a spread approaching an order of magnitude across the iso-Gini manifold.

Table 1: Iso-Gini configurations at Gini* =~ 0.45, Norwegian-flavoured calibration: g = 1.53
(mp = 0.06, 0 = 0.28). Top 1% share varies by a factor approaching an order of magnitude
across the same Gini level as the policy parameters (A1, A2, A) trade off compression direction
(middle vs. top regime), rate level, and threshold separation.

A )\1 )\2 a1 (%) Gini Sgg

2.00 +0.21 -3.80 -0.21 3.80 0.446 0.052
2.00 +0.48 —-2.80 —-0.48 2.80 0.447 0.069
2.00 -1.45 -3.30 +1.45 3.30 0.448 0.080
1.00 —-0.34 -220 +0.34 220 0.452 0.098
1.50 -1.72 -2.00 +1.72 2.00 0.448 0.117
1.50 +1.45 -1.60 -1.45 1.60 0.449 0.189
250 -0.0r -1.30 40.07 1.30 0.451 0.394
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Iso-Gini contours at G * =0.45 (regime )\, =1.53), colour-coded by top-1\% share Sy
Range of Sy across the four panels: [0.046, 0.544] (11.9 x spread)

A=1.0 (X,/Xy~2.7) A=15 (X,/Xy~45)

by
)
|

0.5

w
(&2}
1

o«
<]
L

0.4

g
=)
L

Top-regime Pareto exponent a,
= N}
o w»
) )

T T T 1 T T T T T 1 0.3

[
o

A=20 (X,/Xo~T4) A=25 (X,/Xy~12.2)

N
=}
Top-1\% share Sy,

w
&}
1

r0.2

w
<]
L

g
<)
L

ro0.1

[
&}
1

Top-regime Pareto exponent a,
N
(2]
)

— ‘
=1 (t‘ilxite-.;:x?t'hmmm-———*’“ s ——— L]

T T T T T T T T T
-2 -1 0 1 2 3 -2 -1 0 1 2 3
Middle-regime exponent a; = —\; Middle-regime exponent oy = —X;

[,
o

Figure 1: Iso-Gini contours at G* = 0.45 in the (a1, a2) plane, one panel per threshold ratio
A €{1.0,1.5,2.0,2.5}, at fixed regime \g = 1.53 (mo = 0.06, o = 0.28). Each contour is colour-
coded by the resulting top-1% share Sgg along the contour where the standard top-share formula
(40) applies (i.e. the 99th percentile lies in the top bracket, po > 1 — q); light-grey segments
mark configurations where the top-1% percentile falls into the middle bracket, requiring the
alternative formula sketched in Section 4.3. The colour spread along the contours and the shape
variation across panels visualise the criterion divergence: schedules at the same Gini level admit
a wide range of top-share outcomes (approaching an order of magnitude across the four threshold
ratios), with low «ay at large A producing the largest top shares and steep as producing the
smallest.
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The mechanism behind the spread is the policy-substantive content of the divergence. A planner
targeting the Gini coefficient is indifferent between two configurations delivering the same Gini
level; a planner targeting the top-1% share is not. The configurations in Table 1 realise this
indifference along several distinct policy axes: compression direction (concentrate compression
on the middle regime versus the top regime), rate level (moderate effective rates everywhere
versus high rates on a narrow range), and effective rate of the second bracket (ay small versus

large). The Gini target is met by trading these off; the top-share consequence varies accordingly.

Policy interpretation. The divergence formalises the wealth-tax design debate. The Saez—
Zucman tradition (Saez and Zucman, 2019) explicitly targets top-share reduction and accord-
ingly favours steep top-bracket rates — the top-of-table configurations in Table 1, with ay large
(rows 1-3) and the second bracket doing most of the redistributive work. The continental-
European tradition of broad-base, moderate-rate wealth taxation (Norway, Switzerland, histori-
cal Spain) sits in the intermediate rows of the table, with c near 2 and substantial compression
across the whole post-threshold range. The bottom-of-table configuration (ay near 1, row 7)
corresponds to a near-proportional schedule with the top regime barely confined, and is policy-
anomalous. The two substantive traditions deliver the same Gini — and historically have,
at moderate target levels — through different schedule shapes with different top-share conse-
quences. The criterion choice between Gini and top share is the implicit normative axis along

which these traditions divide.

4.9 Joint optimal design under each criterion

Theorem 2 pins down the joint optimal designs under each criterion as distinct points in the 3D

policy space.

Corollary 3 (Two-bracket joint optimal designs). At fized regime, fixred mean-wealth target
W, and fized threshold ratio A (or, allowing A to be a co-design variable, in 3D), the Gini-
and top-share-targeted joint optimal-design problems within the two-bracket sub-class generically
pick distinct optimal configurations (af,a3). The qualitative pattern is: the top-share-targeted
optimum mazximises ao subject to implementability, with a1 at any admissible level; the Gini-
targeted optimum balances compression across the middle and top brackets, with both a; and o

moderate.

The corollary is the structural counterpart of Theorem 2: the criterion choice not only selects
different points on the iso-revenue surface but selects them in qualitatively different ways. A
top-share-targeted design pushes the top rate aggressively because the top 1% lives in the top
regime; the middle regime’s rate is irrelevant for the top share. A Gini-targeted design must

compress both the middle and top regimes because Gini integrates over the whole distribution.

The implementability and revenue constraints intersect this qualitative pattern in ways we de-
velop in Section 6, which calibrates the two-bracket model to the Norwegian schedule and locates
the actual policy point relative to both criterion-optima. The headline finding, anticipated here:
the Norwegian schedule sits much closer to the Gini-optimum than to the top-share-optimum

at any plausible top-share target, and the criterion choice is therefore the binding source of dis-
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agreement between the Norwegian schedule and Saez—Zucman- style proposals consistent with

the same revenue.

5 Modelling abstractions: valuation discounts and discrete-time

assessments

The framework of Sections 2, 3, and 4 treats two features of real wealth-tax systems abstractly:
it assumes a single assessment fraction (so that the tax base equals the schedule’s argument),
and it operates in continuous time (so that the tax is a drift rather than an annual deduction).
Both abstractions have been examined in the prior corpus, and both absorb cleanly into the
framework as a leading-order approximation. We make the connection explicit here so the
calibration of Section 6 can apply the framework to the actual Norwegian schedule with the

appropriate adjustments.

5.1 Valuation discounts and the assessment fraction

Real wealth-tax systems do not assess all asset classes at full market value. The Norwegian
formuesrabatt discounts listed equity at 20%, primary housing at 75%, and unlisted shares at
0.80 x B/M where B/M is the book-to-market ratio (NOU 2022:20, 2022, Table 10.3); the Swiss
cantonal systems operate similar discounts on real estate and business assets; historical French
and Spanish wealth taxes had analogous structures. The assessment fraction of asset class i —
denoted «; in Frgseth (2026¢c, §4) and Froseth (2026d, §4.2), but written here as a; to avoid
collision with the Pareto exponent « of Definition 3 — captures this: the wealth-tax base on

asset class 7 is a; - W; rather than W;.

Uniform discount under (C3). Condition (C3) of Frgseth (2026d) requires a; = a across
all asset classes. Under this condition the assessment fraction acts on the wealth-tax channel as
a uniform multiplicative constant: a household with raw wealth X and uniform assessment a
pays r(aX) - aX per unit time in wealth tax, and the effective drift modification on log-wealth

is

a-r(aX) = arg+ aflog(aX/Xp) (smooth), ar - 1{aX > Xo} (bracket). (51)
Both schedules retain their functional form on raw wealth X under the uniform-discount sub-
stitution, with the inequality-relevant parameters rescaling as follows.

Proposition 10 (Uniform-discount rescaling). Under (C3) with uniform assessment fraction
a€ (0,1]:

1. On the smooth log-progressive class, the effective progressivity slope on raw wealth is af
in place of B, and the effective floor rate is a(rg + floga). The structural progressivity

ratio of Definition 1 rescales as p, — pgff = app, and the steady-state log-variance becomes

o = a?/(2apy).
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2. On the single-bracket class, the effective rate is ar and the effective threshold (in raw-wealth

terms) is Xo/a. The Pareto exponent of Definition 3 rescales as o — ot = 2(ar/k—mq)/o?.

3. On the two-bracket class, the analogous rescaling applies to both rates ri,rs and both thresh-
olds Xo, X1 in the natural way. The threshold ratio A = log(X1/Xo) is invariant under

rescaling.

The criterion-equivalence and criterion-divergence results of Sections 8 and 4 carry through

unchanged under this substitution.

Proof sketch. The effective rate on raw wealth is a - 7(aX). For the smooth schedule this gives
aro+ apfloga+ aflog(X/Xy) — log-progressive form on raw wealth with effective slope a3 and
floor a(rg + Bloga). For the bracket schedule the substitution r — ar, Xo — Xo/a preserves
the form. The two-bracket case follows piecewise. Since Proposition 7 and Theorem 2 use only

the steady-state shape parameters, both carry through. Full calculation in Appendix A. O

For the calibration of Section 6, this proposition is what allows us to translate Norway’s nominal
rates (11 = 1.0%, ro = 1.1%) into effective rates appropriate to the framework. With a portfolio-
weighted average assessment fraction in the range a ~ 0.5-0.6 (housing-heavy households at the
lower end, listed-equity-heavy at the higher end), the effective top-bracket rate is ro-a ~ 0.55%—
0.66%. The Pareto exponent under Norwegian parameters is therefore correspondingly smaller
than the nominal-rate calculation would suggest, and the steady-state distribution has a heavier

upper tail at the same nominal schedule.

Non-uniform discount and the failure of (C3). Norwegian assessment fractions are em-
phatically not uniform: the cross-class spread exceeds a factor of three (housing 25%, listed eq-
uity 80%, deposits 100%, unlisted shares typically below 80% of book value). Under non-uniform
a;, condition (C3) fails, and the effective wealth-tax rate becomes a portfolio-weighted average
>-; wia;r that depends on individual portfolio composition. Frgseth (2026¢, Proposition 5) for-
mally establishes that this destroys portfolio neutrality and creates distortions proportional to

the cross-class spread in a;.

In our framework the failure of (C3) reactivates the Stiglitz-style price-feedback channel that
Section 3.8 suppressed: portfolios shift toward low-a assets (housing, in the Norwegian case), the
relative pre-tax return on those assets adjusts in general equilibrium, and the OU-compression-
only analysis is no longer self-contained. The quantity-only inequality results of Sections 3
and 4 remain correct as the partial-equilibrium response, but a fully specified non-uniform
analysis would need to embed the bracket schedule in an asset-market-clearing model. We do not
develop this here; the Norwegian calibration of Section 6 assumes uniform effective assessment a
as the relevant approximation for the inequality response, with the assessment-induced portfolio

distortions a separate object treated in Frgseth (2026¢).
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5.2 Continuous-time approximation of annual assessments

Real wealth taxes are assessed at year-end on the household’s balance and paid as a discrete
deduction; the framework’s continuous-time formulation treats the tax as a drift, applied in-
finitesimally throughout the year. The discrepancy is a modelling abstraction whose magnitude

is bounded.

Discrete-time formulation. Let r denote the annual nominal wealth-tax rate on net assets
above the threshold. The flow taxes are continuously applied (through corporate accounting and
dividend distributions); the wealth tax alone has the year-end character. In the discrete-time

formulation, between assessments the wealth process evolves under flow taxes only,
dY; = kmodt + Vko dWy, (52)
and at the annual assessment time ¢ € {1,2,...} the log-wealth jumps:
Yie = Yie +log(1—1) if Y > yp. (53)

The continuous-time formulation of Section 6 distributes this jump uniformly over the unit

interval as the constant drift —r:

dY; = [kmo — r1{Y; > yo}|dt + VkodW,. (54)

Approximation error. Comparing the two formulations on a single year in the taxed regime,
the expected log-wealth change under the discrete-time scheme (one annual jump on top of
flow-tax drift) is E[AY |qiscrete = kMo + log(1 — ), while under the continuous-time scheme it is
E[AY ]continuous = kmo — 7. The difference is

2 703

IE[A}/]continuous - IE:[A}/]discrete = —r—- lOg(l - T) = % + g + O(T4) ’ (55)

i.e. the continuous-time formulation slightly understates the tax effect (delivering a strictly larger
expected log-wealth than the discrete scheme), by an amount O(r?) per year. For r = 1% this
is approximately 5 x 107, or 5 basis points; for r = 3% approximately 4.6 x 104, or 46 basis

points. Both are well below the resolution of any policy-relevant analysis.

Steady-state agreement. The cross-sectional steady-state distribution under the two for-
mulations agrees to the same order. Within each regime the continuous-time formulation gives
a piecewise-exponential density (Proposition 5); the discrete-time formulation, treated by aver-
aging the annual jump over a unit interval, gives a density that differs from the continuous one
by a multiplicative factor 1 — O(r?) in each regime. The mass split, the Pareto exponent, and
the inequality criteria all agree to leading order in 7, and the framework’s qualitative results are

robust to this abstraction.
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Connection to the corpus. Froseth (2026e, §9.3) treats the practical-payment mechanics —
annual lumpy tax collection rather than continuous extraction — in detail, establishing that
proportional dilution under continuous extraction is an upper bound on the liquidity stress of
discrete annual payments. Frgseth (2026d, Discussion) notes that under non-CRRA preferences
the annual-payment discrete-time formulation can affect the total risky allocation by an amount
that the continuous-time formulation suppresses; the magnitude is empirically small for realistic
parameters. In both treatments, the continuous-time framework is the appropriate object for
cross-sectional analysis at the annual horizon, with within-year dynamics (year-end fishing,
seasonal asset rebalancing) a separate research thread that does not affect the steady-state

distribution.

6 Norwegian calibration

We now apply the framework to the Norwegian wealth-tax system. The Norwegian case is
the policy-realistic benchmark for the paper: a two-bracket schedule with assessment-fraction
discounts, embedded in a dual-income tax system with the generalised neutrality structure of
Frgseth (2026d). The calibration locates Norway’s actual policy in the design space of Section 4,
with the rescaling of Proposition 10 translating nominal rates into the effective rates that enter
the framework. The headline result is a structural one: Norway’s effective top-bracket rate
sits below the confinement threshold ry/k > myg that the framework requires for a steady-state
distribution, by a factor of nearly five. The criterion divergence of Theorem 2 therefore applies
in full substantive force only to hypothetical schedule reforms that push effective rates above

the confinement threshold.
6.1 Regime parameters

We adopt regime parameters consistent with the calibration of Table 1 and with the prior corpus.

The calibration in Table 2 has the same Ag = 1.53 as the divergence analysis of Table 1, so the
criterion-divergence numerics of Theorem 2 apply directly to the Norwegian regime. The flow-
tax retention k = 0.485 uses the 2025 Norwegian rates (corporate tax 22%, effective dividend
tax including the 22% shareholder-model uplift). The portfolio-weighted assessment a = 0.55
takes a midpoint of the housing-heavy (lower) and listed-equity-heavy (higher) configurations
identified in Section 5.1.

6.2 The Norwegian schedule and effective rates

Since 2023 the Norwegian wealth tax has had a two-bracket structure (NOU 2022:20, 2022):
ro=1.0%, ry®=11%, Xo=17MNOK, X;=20.7M NOK, (56)

giving threshold ratio A = log(X1/Xo) = log(20.7/1.7) ~ 2.50. Applying the uniform-discount

rescaling of Proposition 10 with @ = 0.55, the effective rates entering the framework are

ST = @ rom = 0.55%, it = aryo™ = 0.605%, (57)

32



Table 2: Calibrated regime parameters for the Norwegian wealth-tax-paying segment.

Parameter Value Interpretation

mo 0.06 Geometric-mean log-return on a typical high-
wealth Norwegian portfolio (post-flow-tax reten-
tion separated; consistent with Frgseth, 2026f
§7)

o 0.28 Effective volatility of the wealth process, equity-
heavy portfolios; Oslo Stock Exchange volatility
scaled to portfolio composition

7 ~ 0.10 TImplied arithmetic mean return, u = mg +
02/2 = 0.06 + 0.0392
k 0.485  Corporate—dividend retention factor with 7. =

0.22 (corporate tax) and 74 = 0.378 (dividend
tax including effective marginal increase from
22% shareholder model)

a 0.55 Portfolio-weighted average assessment fraction
(housing 25%, listed equity 80%, mixed in pro-
portion typical of wealth-tax-paying decile)

Ao 1.53 Lower-regime log-wealth slope, 2mg /o>
kmg 0.0291  Drift on log-wealth in the untaxed regime (post-
flow-tax)

with the effective threshold ratio A unchanged. Translating to log-wealth slopes via (46),

2 —reff /K 2(0.06 — 0.0113
Xo=153, A\ = (mogfl/): ( e ) o124, M=

2(mo — 15" /)
o2

~ 1.21.
(58)
All three slopes are positive: the Norwegian wealth tax does not generate a confining drift on

the upper regimes of log-wealth at calibrated parameters.

6.3 Where Norway sits: below the confinement threshold

Proposition 5 requires Ao < 0 (equivalently ro/k > myg, after the assessment rescaling r$¥/k >
my) for a steady-state distribution to exist. Remark 4.1 additionally requires as > 1 (equiva-

lently ro/k > p = mq + 02/2) for a finite steady-state mean.

Table 3: Confinement diagnostics at calibrated Norwegian parameters.

Threshold Value Met by Norway?
Confinement (A2 < 0) S /k > mo = 0.060 No: r$T/k = 0.0125 (factor 4.8 short)
Finite mean (ag > 1) r$f/k > =0.099  No (factor 7.9 short)

Top-share well-defined (ag > 1) same as finite mean No

Table 3 shows that the Norwegian schedule falls short of both thresholds. The effective top-
bracket rate TSH = 0.605% is approximately a factor of five below the level needed for OU
confinement at calibrated regime parameters. The rate would need to rise to ro - a > 2.9%
(equivalently a nominal rate of ro > 5.3% at a = 0.55) for the steady-state distribution to be
confined, and to rg - a > 4.8% (r2 > 8.7% nominal) for the steady-state mean to be finite.
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Norwegian schedule: nominal vs effective (after assessment discount)

5.0\% 7

= Nominal schedule (statutory)

- Effective schedule (a=0.55)

------- Saez--Zucman 3\% (nominal, reference) §
4.0\% - ; confinement I

confinement threshold r/k=m, (2.91\%)
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Figure 2: Norwegian wealth-tax schedule, nominal versus effective. The nominal schedule (statu-
tory rates of 1.0% and 1.1%, blue) is rescaled by the portfolio-weighted assessment fraction
a = 0.55 to give the effective schedule (orange) used in the framework. The horizontal dashed
line marks the confinement threshold r = kmg ~ 2.91% above which a steady-state upper-tail
distribution exists. Both Norwegian effective rates fall well below this threshold; even Saez—
Zucman proposals at 3% nominal (dotted reference) are still short. The framework’s quantity-
only OU compression mechanism is therefore not operative at calibrated Norwegian parameters;
cross-sectional confinement at current rates is supplied by mechanisms outside the framework’s
scope.
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Confinement diagnostic: where Norway and proposals sit
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Figure 3: Confinement diagnostic: Pareto exponent ag = 2(r/k — mg)/o? as a function of the
effective rate r/k, with the three-region partition (no steady state, infinite mean, finite mean)
shaded at the baseline regime o = 0.28. Curves show the o-sensitivity (four values). White-filled
markers give the effective Norwegian rate (current) and three hypothetical Saez—Zucman-style
proposals. Norway’s current rate is well inside the no-steady-state region; the framework’s
results apply directly only at rates pushed above pu =~ 0.10, requiring nominal top rates above
approximately 9% at the Norwegian assessment-fraction calibration a = 0.55.
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Implication. Within the wealth-tax-only framework of Sections 3 and 4, the Norwegian sched-
ule does not on its own generate a confined cross- sectional wealth distribution. The empirical
confinement at current rates is jointly supplied by demographic turnover (treated formally in
Frgseth, 2026f, §3.2 via a Gabaix-style source-sink term) and capital emigration (treated in
Frgseth, 2026a as a tipping-point contagion process); the joint Pareto exponent is given by the
combined formula (59) below in Section 6.5. The wealth-tax-only OU compression becomes the
operative confinement mechanism above the threshold r/k > my, which would require tightening

the top rate toward ~3% effective.

6.4 Criterion divergence at the hypothetical confining-rate frontier

We turn now to the question that the framework is substantively designed to answer: at confining
rates, how should the schedule be designed? The criterion divergence of Theorem 2 now becomes

the binding question.

Suppose, hypothetically, that the schedule is tightened to the confining-rate frontier: T‘Sﬂ =0.7%
(sufficient to cross the confinement threshold under the calibrated a at slightly higher o, or
equivalently nominal 7o = 1.27% at a = 0.55). At this rate the effective Pareto exponent crosses

unity from below, and the two-bracket framework applies in full force.

Table 1 of Section 4.8 already exhibits the criterion divergence at exactly this calibration (A\g =
1.53, Gini* &~ 0.45). The seven configurations there span effective Pareto exponents ag €
[1.30,3.80] and threshold ratios A € [1.00,2.50], yielding top-1% shares from 5.2% to 39.4%
across the iso-Gini manifold. Translating back to nominal rates (dividing by k£ and again by
a = 0.55), the configurations correspond to nominal top-bracket rates ro € [1.16,2.51]%. This
is the policy-relevant rate range: from just above the current Norwegian top rate of 1.1% to

substantially below the highest Saez—Zucman-style proposals.

At any rate level ry in the confining range, a Gini-targeting planner and a top-share-targeting
planner pick qualitatively distinct schedules whose top-1% shares differ by a factor of seven
to eight at the same Gini target. The Saez—Zucman tradition occupies the high-as configura-
tions of Table 1; the continental-Furopean tradition compresses both regimes more uniformly
at moderate top rates. Sections 6.5 and 6.6 integrate this with the demographic-confinement

mechanisms and quantify the contribution of the wealth tax against the flow-tax channel.

6.5 Joint Pareto exponent under demographic turnover and emigration

Section 6.3 established that the wealth-tax channel alone is below the confinement threshold
at calibrated rates. The empirical confinement of the Norwegian cross-section is supplied by
two mechanisms treated elsewhere in the corpus: Gabaix-style demographic turnover (Frgseth,
2026f, §3.2) and emigration-contagion (Frgseth, 2026a). We close this loop here with a joint
Pareto-exponent formula that combines the wealth tax, the flow taxes, and these demographic

mechanisms in a single closed form.
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The joint formula. Following Gabaix (1999); Gabaix et al. (2016), the FP equation on log-
wealth admits a Gabaix-style source-sink term at rate J, representing aggregate demographic
turnover (mortality, intergenerational reset, emigration): dym = —’Ueffayﬂ'—FDeffaSﬂ' —dm+09(y),
with post-tax log-drift veg = kmg — r and log-diffusion Deg = ko? /2. The Pareto tail exponent
of the joint steady state satisfies the Gabaix characteristic equation (Gabaix et al., 2016, §3.2):

—Veft + /0% +4Deg 8
a = — L (59)

2Deff

The wealth tax enters via veg; the flow taxes rescale both veg and Deg through k; the demo-
graphic mechanisms supply . As checks, (59) reduces to the no-tax Gabaix exponent at r = 0,
k = 1, and recovers the bracket-strand Pareto exponent ag = 2(r/k —mg)/o? of Definition 3 as

d — 0 in the finite-mean regime r/k > my.

Calibration of the turnover rate. Matching the empirical Pareto-tail estimate & ~ 1.3 from
the Kapital 400 panel (Frgseth, 2026a, §4) at calibrated regime parameters (mg = 0.06, o =
0.28, k = 0.485, r = 0.006) requires an effective § ~ 6%, of the right order for combined
mortality, intergenerational reset, and capital emigration on the top-of-distribution evidence in
Frgseth (2026a). Emigration enters (59) as part of the aggregate J; the tipping-point dynamics
that Frgseth (2026a) derive are smoothed into the constant-rate source-sink at the cross-sectional

steady state.

Robustness of the criterion divergence. The criterion divergence of Theorem 2 is a struc-
tural property of the bracket schedule space. It applies whether the confinement is supplied by
the wealth tax, by demographic mechanisms, or jointly. The decomposition that quantifies the

relative contributions of these channels at the Norwegian calibration is the subject of Section 6.6.

6.6 Decomposition of confinement: wealth tax versus flow taxes versus de-

mographic mechanisms

Evaluating (59) at four tax configurations, holding § fixed at its calibrated value, isolates the
structural contribution of each channel. The status quo (k = 0.485, » = 0.006) produces o =
1.30, matching the empirical estimate. Removing the wealth tax while retaining flow taxes
(r = 0) drops « to 1.20. Removing the flow taxes while retaining the wealth tax (k = 1)
collapses a below unity to 0.75, an infinite-mean Pareto regime. Removing both taxes gives
a = 0.71, the Bouchaud and Mézard (2000) no-tax reference under pure demographic turnover.

Table 4 collects the four configurations.

Three substantive observations follow.

Magnitude of the wealth-tax contribution. On the structural channel, the current wealth
tax adds Aa = 0.10 on top of the flow-tax baseline and contributes approximately 17% of the
total compression from the no-tax reference. The flow-tax contribution (Aa = 0.49) is roughly
five times larger. In top-share terms the magnitudes are different: removing the wealth tax

raises the implied Sgg from 4.4% to 6.1% — an increase of roughly 40% at the upper tail —
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Table 4: Joint Pareto exponent and implied top-1% share at Norwegian regime parameters
(mo = 0.06, 0 = 0.28, § = 0.062), four tax configurations. Top-1% share computed from the one-
regime closed form S99 = 0.01-«/(av—1) where finite. Status-quo (k,r) corresponds to corporate
tax 7. = 22%, dividend tax 74 = 38%, top-bracket effective wealth-tax rate r = a-1.1% = 0.6%.

Configuration Channels active Q Sog
No tax turnover only 0.71 —(a<1)
Wealth tax only turnover + stock 0.7 —(a<1)
Flow taxes only turnover + flow 1.20 6.1%
Status quo turnover + flow + stock  1.30 4.4%
Empirical (Kapital 400 panel) ~ 1.3 ~ 4%

because the function S(a) = a/(a — 1) is sharply nonlinear near o = 1. The same A« implies

a small absolute compression but a large fractional movement in the top share.

Substitutability under homogeneous returns. Within the framework as posed (homoge-
neous returns), the structural effect of the current wealth tax is quantitatively substitutable by
a sharper flow tax. Solving (59) for the retention factor k' that delivers v = 1.30 at r = 0 gives
k' &~ 0.43, against the status-quo k = 0.485. The implied policy substitution holds the corporate
rate fixed and raises the effective dividend tax from approximately 38% to approximately 45% —
a 7-pp increase, well within the historical range of Norwegian dividend tax variation. In short:
under homogeneous returns, the structural effect of the wealth tax can be replicated through

flow taxation alone.

Heterogeneous returns: the substitutability fails. The substitutability statement above
rests on the homogeneous-returns assumption embedded in the (C1)—(C3) flow-tax envelope.
Under heterogeneous returns the two taxes have structurally distinct incidence, an asymmetry
that traces back to Domar and Musgrave (1944) and Stiglitz (1969): the income tax is a silent
partner on the return margin (it shares proportionally in gains and losses), while the wealth
tax is a silent partner on the position margin (it scales the entire portfolio uniformly). Three

concrete implications are immediate.

First, the wealth tax reaches dormant wealth — closely-held businesses, real estate, art, and
other illiquid assets that generate little or no current-period taxable income. The flow tax cannot
reach this base, regardless of rate. The portion of the upper-tail base that takes a dormant form

is therefore structurally outside the substitutability calculation.

Second, under heterogeneous productive ability with p(zx) > p(zr), the flow tax compresses
the ability-driven wealth divergence by the factor A = (1 — 7.)(1 — 74) < 1 while the wealth tax
preserves it (Frgseth, 2026¢, Proposition on differential incidence, §5). A revenue-neutral switch
from flow to stock taxation therefore widens the drift gap between high- and low-ability investors,

generating the °

‘use-it-or-lose-it” efficiency gain documented by Guvenen et al. (2023): capital
reallocates toward high-ability investors. Whether this reallocation is welfare-improving depends
on whether observed return heterogeneity reflects productive ability or structural advantage;

Frgseth (2026¢) formalises the distinction.
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Third, from the perspective of the present paper’s inequality criteria, neither effect is captured
by the homogeneous-returns formula (59). The substitutability result of this section should
therefore be read as a baseline within the homogeneous-returns class on which the heterogeneous-
returns considerations of Frgseth (2026¢) are layered. A heterogeneous-returns extension to
the present design problem — with inequality-relevant criteria but ability-stratified drift and
diffusion — is a natural completion of the framework and is a primary direction for future work
(Section 8.5).

7 Connection to the corpus

The Fokker—Planck wealth-tax programme treats the optimal-tax problem as a problem of de-
signing the drift field of a stochastic process on log-wealth. Each paper in the corpus selects a
schedule class, a criterion, and a flow-tax envelope, and characterises the optimum within that
combination. The present paper completes a particular cell in the resulting matrix; this section

makes that placement precise and identifies the boundaries with adjacent cells.

7.1 The cross-paper interface

The interface between papers in the corpus is the (C1)—(C3) flow-tax class of Frgseth (2026d).
Under (C1)—(C3) the post-tax process on log-wealth obtained by combining a proportional
wealth tax with corporate, dividend, and capital-income taxes is again a geometric Brownian
motion with rescaled drift and diffusion (Frgseth, 2026d, Theorem 1), and the entire flow-tax
package collapses to a single scalar k = (1 — 7,)(1 — 74) € (0, 1].

Within this class three schedule families have so far been analysed. Frgseth (2026g) treats the
proportional wealth tax in isolation, characterising it as a uniform drift-shift on log-wealth.
Frgseth (2026f) lifts the proportional schedule to a progressive stock-only schedule, replacing
the Bouchaud—Mézard Pareto tail with an Ornstein—Uhlenbeck confinement; the criterion is
the Gini coefficient and the analytical core is the OU steady state. Frgseth (2026b) lifts the
proportional schedule within the (C1)—(C3) flow-tax envelope, but switches the criterion from a
redistributive target (Gini, top share) to a distortion-minimising one (the JKO free-energy gap
and the 2-Wasserstein distance from no-tax). The output of that paper is a phase-transition

partition of the regime axis, not an inequality-targeting design.

The present paper occupies the remaining cell: the progressive schedule class within the (C1)-
(C3) flow-tax envelope, under redistributive criteria. Three concrete contact points with the

existing corpus deserve emphasis.

1. Flow-taz envelope. The reduction to the scalar k and the post-tax SDE (Section 2.2) are
taken from Frgseth (2026d, Theorem 1, §7) without modification. The progressive lift
adds a state-dependent drift —r(e¥’) to the log-wealth equation, and the flow-tax package
multiplies the drift retention kmg and rescales the diffusion to vko. The progressive
schedule does not break (C1)—(C3): in Section 2.2 we observe that the relevant portfolio-

neutrality structure is unaffected by wealth-level dependence in r(-).
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2. Stock-only Gini optimum. The smooth log-progressive Gini optimum p, = * at k = 1
recovers Frgseth (2026f, Theorem 3) verbatim (Section 3.9). The present analysis adds the
one-parameter family of inequality-equivalent designs at k£ < 1, parametrised by the joint
design ray 8 = ppk, and shows that the same Gini target can be achieved at any plausible

flow-tax retention by proportionally rescaling the wealth-tax progressivity.

3. Disjoint criterion family. Freoseth (2026b) selects an optimal tax within the proportional
schedule class, but under distortion-minimising criteria rather than redistributive ones. On
that overlapping schedule class our criteria collapse to monotone functions of a single pa-
rameter, so the two papers answer disjoint questions: “what rate?” versus “what schedule
shape?” On the progressive sub-class, and in particular on the two-bracket form actually

implemented, the schedule-shape question becomes binding for the first time (Theorem 2).

7.2 Geometric and information-theoretic reformulations

Two further papers in the corpus reformulate the same design problem in different geometric
languages. Frgseth (2026h) characterises the proportional wealth tax as a rigid motion on the
2-Wasserstein space of log-wealth distributions and identifies the progressive optimum on a re-
stricted sub-class as a 2-Wasserstein-projection problem. The present paper’s Gini and top-share
criteria are not 2-Wasserstein metrics in general; the connection is that the iso-Gini manifolds
we visualise (Figure 1) and the 2-Wasserstein iso-distance manifolds of Froseth (2026h) are alter-
native foliations of the same schedule space, with different policy implications. Frgseth (2026b)
relates these via the JKO gradient-flow structure on the same space; the JKO free-energy gap
is a Lyapunov functional for the 2-Wasserstein distance, and the proportional sub-class admits
a clean phase-transition treatment under both criteria. The present paper’s contribution to this
geometric picture is to show that on the progressive sub-class the criterion-family ambiguity is
not a feature of the criterion geometry alone — the redistributive criteria already diverge among
themselves on the two-bracket sub-class, well before the comparison with distortion-minimising

criteria becomes relevant.

7.3 Confinement-mechanism interface

The decomposition of Section 6.6 combines the wealth-tax channel of the present paper with
two confinement mechanisms developed elsewhere in the corpus: the Gabaix-style demographic
turnover of Frgseth (2026f, §3.2) and the emigration-contagion channel of Frgseth (2026a), cali-
brated against the Kapital 400 panel. The present paper therefore reads naturally in conjunction
with Freseth (2026f) and Froseth (2026a) on the empirical-confinement side; the schedule-design
results (Theorem 2 in particular) stand alone on the policy-design side and apply across config-

urations of these mechanisms.
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8 Discussion

8.1 When the criterion choice has bite

The technical centre of the paper is a simple structural fact: as the inequality-relevant policy
space grows in dimension, the criterion choice between Gini and top share becomes binding. On
the smooth log-progressive class the relevant policy space is one-dimensional in the structural
ratio p, = (/k, and on the single-bracket class it is one-dimensional in the Pareto exponent o =
2(r/k—mq)/o?; both classes admit closed-form Gini and top-share expressions that are monotone
in the same parameter, and the two criteria pick the same optimum up to reparametrisation
(Theorem 1 and Proposition 7). On the two-bracket class the inequality-relevant policy space
expands to three dimensions («j,ag,A), and the criterion divergence of Theorem 2 becomes
operative: at a fixed Gini level, the top-1% share ranges over roughly an order of magnitude
as the schedule moves along the iso-Gini manifold (concretely, from Sgg ~ 0.05 to Sg9 =~ 0.39
across the seven tabulated configurations of Table 1, and an 11.9x spread over the full iso-Gini

contours of Figure 1).

Two points warrant emphasis. First, the divergence is a structural property of the schedule
space and not of any particular regime calibration; the proof of Theorem 2 is by gradient linear-
independence on the iso-Gini manifold and applies wherever the manifold is two-dimensional.
Second, the quantitative magnitude is large enough to overturn substantive policy comparisons:
a planner targeting the same Gini level will select schedules whose top-1% shares differ by
a factor of seven to eight across the iso-Gini manifold. Numerical sensitivity to the regime
parameters (mg, o) does not erase this divergence; it modulates its magnitude. Within the
plausible Norwegian range o € [0.20,0.32] the spread along iso-Gini contours remains within a

factor of two of the baseline reported here.

8.2 Implementability and the bracket choice

The two-bracket schedule is not a numerical approximation to a smooth schedule: it is the
schedule actually implemented in Norway since 2023, in several Swiss cantons, and historically
in Spain and France. The framework treats the bracket form as the substantive object of
analysis rather than as a discretisation. Three implementability remarks follow. First, the
(C1)—(C3) flow-tax envelope is preserved under arbitrary wealth-level dependence in r(-), so a
multi-bracket extension does not require any new neutrality-class assumptions; the algebra of
Section 4.6 extends to K brackets with K 4 1 regimes by induction. Second, the assessment-
fraction rescaling of Section 5.1 multiplies each bracket rate by the portfolio-weighted fraction a,
leaving the bracket structure intact and shifting the confinement-threshold rate from r/k > myg
to reff/ k > mg. The rescaled threshold is substantially above current Norwegian top rates
and has been discussed only briefly in the Norwegian policy literature. Third, the discrete-
time approximation of Section 5.2 introduces a second-order rate-self-interaction correction of
+72/2 4 13 /3 per period, of order five basis points per year at 7 = 1% — below the precision at
which the two-bracket class is plausibly distinguishable from a smooth schedule with matched
Gini.
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8.3 Saez—Zucman proposals through the framework

The Saez—Zucman policy programme (Saez and Zucman, 2019) proposes wealth-tax rates of
2-3% on wealth above $50M, with explicit appeal to top-share targets. Translated to the
present framework via the assessment-fraction rescaling, a 3% nominal top rate corresponds
to r§T ~ 1.65%, still below the confinement threshold kmo = 2.91% effective (equivalently
~ 5.3% nominal at a = 0.55) for the Norwegian regime; the 6% proposal sometimes attributed
to Saez and Zucman as a maximalist scenario sits just at the threshold. Within the framework,
two distinct Saez—Zucman-style designs are visible. A top-share-targeting variant selects high
ag € [3.0,3.8] on the iso-Gini manifold, compressing the upper tail aggressively while leaving
the middle bracket relatively flat (Table 1, last rows). A Gini-targeting variant of the same
proposal selects moderate as ~ 1.5 with a more uniform middle compression. The framework
therefore makes precise the informal observation that “the same” top wealth-tax rate implements

substantively different distributions depending on the planner’s redistributive criterion.

8.4 Where the framework has policy bite

The Norwegian calibration of Section 6.6 locates two regimes for policy use of the framework.
Below the wealth-tax-only confinement threshold 7§ > kmg — the regime Norway currently
occupies — the framework quantifies the marginal contribution of the wealth tax to the joint
Pareto exponent and the iso-Gini geometry, but the dominant confinement mechanism sits out-
side the wealth-tax channel. Above the threshold, the wealth tax itself becomes confining and the
criterion-divergence result of Theorem 2 acquires direct policy bite. The framework is therefore
most informative for analysing rate-increase proposals on top of the demographic-and-emigration

baseline.

8.5 Open directions
Three extensions are most directly suggested by the analysis.

Heterogeneous returns. The derivation throughout treats the regime parameters (mg,o) as
population-uniform. The flow-versus-stock substitutability of Section 6.6 rests on this assump-
tion, and is precisely the place at which the homogeneous-returns framework reaches its struc-
tural limit. Frgseth (2026¢) formalises the asymmetry traceable to Domar and Musgrave (1944);
Stiglitz (1969): under heterogeneous productive ability z with pu(zg) > u(zr), the flow tax com-
presses the ability-driven drift gap by the factor A = (1 — 7,)(1 — 74) < 1, while the wealth tax
preserves it; a revenue-neutral substitution from flow toward stock taxation therefore widens the
drift gap and generates the use-it-or-lose-it efficiency channel of Guvenen et al. (2023). Whether
the resulting reallocation is welfare-improving depends on the source of return heterogeneity
(productive ability, structural advantage, or winner-take-all dynamics). The analogous design
problem — inequality-relevant criteria on a progressive schedule class with ability-stratified
(mg, o) — is the natural completion of the present paper’s arc and the most direct route to a
substantively richer flow-versus-stock comparison than the homogeneous-returns calibration of
Section 6.6 affords. The framework yields a state-dependent generator that does not collapse

to the closed-form OU or piecewise-Laplace structure; numerical treatment is straightforward,
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closed forms appear unlikely.

Behavioural responses. The framework treats the wealth dynamics as exogenous to the schedule.
Behavioural responses — savings, risk-taking, portfolio choice — modify the regime parameters
as a function of the schedule itself. Frgseth (2026d,c) characterise the portfolio-choice chan-
nel under the (C1)—(C3) class and show that proportional wealth taxes are portfolio-neutral.

Whether progressive schedules retain neutrality, and under what restrictions, is open.

Multi-bracket extensions. The two-bracket class is the present paper’s focus because it is the
form actually implemented. The natural next step is the K-bracket class with K > 3, where
the inequality-relevant policy space grows to 2K — 1 dimensions and a richer family of criterion
divergences is expected. Whether the divergence saturates at some finite K or grows without

bound is an open quantitative question.
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A Proofs

This appendix collects the longer technical proofs whose inclusion in the main text would inter-
rupt the narrative flow. The corresponding theorems, propositions, and corollaries are stated in
the main text with brief proof sketches; the full arguments follow.

A.1 Proof of Proposition 4 (wealth-tax revenue at steady state)

We compute the two expectations needed. Writing X = e¥ with Y ~ A (ys, 032/),

kmo — ko2
E[X} = E[ey] = exp{y*+%a§} = eXp{yO+nM g }

B 48
Using mo = pu— 02 /2, the exponent simplifies: kmo-+ko?/4 = ku—ko?/2+ko?/4 = k(u—o?/4),
giving the right-hand side of (26).

For E[YeY] with Y ~ N(y«, 0%), the Gaussian moment-generating-function identity yields
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E[YeY] =E[e¥] - (y« + 02). Therefore,

E[r(X)X] = roE
= rolE
= E[X](ro + B(y« — y0) + Boy)
= E[X](kmo + Boy)
= E[X](kmo + ko?/2)
= kpE[X],

X]+ BE[(Y — yo)e"]

[
[X]+ BE[X]((y« — yo) + 0%)

where the fourth line uses B(y. — yo) = kmo — 7o from (20) and the fifth uses o3 = ko?/(28)
from (21). O

A.2 Proof of Proposition 6 (closed-form Gini and top share, single-bracket)

For (38), change variables to Z = X/Xo: E[Z] = fol z - moz*~dz/Xo + [{° 2 - oz dz, both
integrals finite under av > 1, evaluating to m/(A-+1)+mo/(a—1). Substituting 7o = A_a/(A_+
«) and combining gives (38).

For (39), use the standard identity Gini = (1/E[X]) [;° F(z)(1 — F(z)) dz. The CDF is F(z) =
p_(z/Xo)* for < Xg and F(z) = 1 — py(x/Xo)* for z > Xp. Direct integration on each
regime, using [ u®(1 — cu®)du = 1/(a + 1) — ¢/(2a + 1) for the lower regime and the analogous
identity (with negative exponents) for the upper, gives the bracketed expression in (39); division

by (38) completes.

For (40) at ¢ > p_, the quantile z, = X,/ X lies in the upper regime, so 1 —q = p+qu+

inverts
to zg = (p+/(1 — q))l/ @ The mean above the quantile, in the Pareto upper regime, satisfies
1-9EZ|Z>z]=(1—-q az/(a—1)= Woz(}_a/(a —1). Dividing by E[Z] from (38) (with

Xo = 1) and substituting z, yields (40). O

A.3 Proof of Proposition 7 (single-bracket criterion equivalence)

For S, taking logs in (40) and differentiating with respect to a at fixed A_ gives

0log Sy log(1 — q) 1 (/\_ + oz) B 1

- = .
da a? * a2 BT a(A- + )

The first term is strongly negative (since 1—gq is small for ¢ near unity), and dominates: numerical
evaluation at any A_ > 0 and ¢ > 0.5 confirms the derivative is negative throughout a > 1. So

Sy is strictly decreasing in a.

For Gini, the strict monotonicity follows from a direct argument. As o — 17, the upper Pareto
tail has diverging mean and the bulk of the distribution shifts toward arbitrarily high wealth,
driving Gini — 1. As a — oo, the upper regime collapses to a Dirac mass at the threshold
and the steady-state distribution shrinks to a finite support, with Gini approaching a finite
floor below 1. A direct numerical check across the empirically relevant range « € [1.2, 5] at any

A_ > 0 confirms strict monotone decrease.
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Both criteria being strictly monotone in «, the target-inversion problems Gini(A_, a) = Gini*
and Sg(A_, ) = S; each have a unique solution. Equivalent targets pick the same o, yielding

the same schedule by Corollary 2. O

A.4 Proof of Theorem 2 (criterion divergence, two-bracket)

We show that the gradients are linearly independent at every point where the closed-form ex-

pressions (39)—(40) are smooth and finite-mean (g > 1).

By Proposition 9 the top share at ¢ above 1 — py takes the form
Sq = (1 - Q)(OQ_I)/CQ : H()‘la a9, A) )

where the prefactor depends on ag alone — crucially, not on A; — and the remainder H collects
the E[X]/Xo, e*, and p;/” contributions, each of which is smooth in (A1, ag, A) on the finite-
mean regime. The Gini coefficient takes the form Gini = G(A1, ag, A) with no analogous explicit
factor in (1 — ¢) and with A\j-dependence entering through the middle-regime contribution to

the Lorenz integral.

To establish linear independence of VGini and V.S, it suffices to exhibit a single point where

the 2 X 2 minor

J(A\1, ) = det <8)‘1G1n1 aa2G1n1>

ISy GaySq
is non-zero. At the calibrated point A\g = 1.53, A = 1.5, \; = 0, ag = 2.0 (where Gini = 0.505

and Sgg = 0.124), direct numerical evaluation of the closed forms gives the partial derivatives
Ox, Gini = —0.041, 04, Gini = —0.090, 0, Sg9 ~ —0.011, 0n, S99 ~ —0.123, yielding J ~ +4.1 X
1073, distinctly non-zero. The non-vanishing of J on a dense open subset follows from the fact
that J, viewed as a function of (A1, ag, A), is real-analytic on the finite-mean regime; if J were
identically zero on any open subset, real-analytic continuation would force J = 0 everywhere,
contradicting the observation J # 0 at the exhibited point. By the implicit function theorem
applied at this point, the iso-Gini level set is locally a 2-dimensional C'*° submanifold of the
3-dimensional policy space, and S; varies non-trivially on it; the variation is global rather than

infinitesimal, with the magnitude given by Table 1. O

A.5 Proof of Proposition 10 (uniform-discount rescaling)

Under uniform assessment, the wealth-tax payment per unit time on raw wealth X is r(aX)-aX,
where the schedule r(-) takes the assessed-wealth argument aX as its input. The effective rate
on raw wealth, defined as the per-unit-wealth flow extracted in tax, is therefore a - r(aX),
replacing the no-discount rate 7(X) in the post-tax SDE (5). For the smooth schedule r(A4) =
ro + Blog(A4/Xo),

ar(aX) = arg+aflog(aX/Xo) = a(ro+ Bloga) + aflog(X/Xo),
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which is again of smooth log-progressive form on raw wealth with effective parameters as
claimed. The effective structural ratio pgff = Mk = aB/k = app follows; the log-variance
o2 = ko?/(2°") = 02/(2ap,) follows from Proposition 2. For the bracket schedule r(A) =
r-1{A > Xo},

ar(aX) = ar-1{aX > Xo} = ar-1{X > Xo/a},

again of single-bracket form on raw wealth, with effective rate ar and threshold Xy/a. The
rescaled Pareto exponent 2(ar/k—my)/o? follows from Definition 3 with the substitution r — ar.
The two-bracket case follows by the same argument applied piecewise, with both thresholds
rescaling as X; — X;/a and the ratio X; /X therefore unchanged. Since the proofs of Proposi-
tion 7 and Theorem 2 use only the steady-state shape parameters, the criterion-equivalence and

criterion-divergence statements carry through under the rescaling. O
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